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Abstract 

In this paper we extend the holomorphic analytic torsion classes of Bismut and 
Kohler to arbitrary projective morphisms between smooth algebraic complex vari- 
eties. To this end, we propose an axiomatic definition and give a classification of 
_C ■ the theories of generalized holomorphic analytic torsion classes for projective mor- 

phisms. The extension of the holomorphic analytic torsion classes of Bismut and 
Kohler is obtained as the theory of generalized analytic torsion classes associated to 
—R/2, R being the i?-genus. As application of the axiomatic characterization, we 
. give new simpler proofs of known properties of holomorpic analytic torsion classes, 

we give a characterization of the R genus, and we construct a direct image of hermi- 
^ ■ tian structures for projective morphisms. 

m 

1 Introduction 

The aim of this paper is to extend the classes of analytic torsion forms introduced by Bis- 
mut and Kohler to arbitrary projective morphisms between complex algebraic varieties. 
The main tool for this extension is an axiomatic characterization of all the possible theo- 
ries of holomorphic analytic torsion classes. Before stating what we mean by a theory of 
holomorphic analytic torsion classes, we briefly recall the origin of the analytic torsion. 

The R-torsion is a topological invariant attached to certain euclidean flat vector bun- 
dles on a finite CW-complex. This invariant was introduced by Reidemeister and gener- 
alized by Franz in order to distinguish non-homeomorphic lens spaces that have the same 
homology and homotopy groups. Let W be a connected CW-complex and let K be an or- 
thogonal representation of ni(W). Then K defines a flat vector bundle with an euclidean 
inner product E K . Assume that the chain complex of W with values in E K is acyclic. 
Then the R-torsion is the determinant of this complex with respect to a preferred basis. 

Later, Ray and Singer introduced an analytic analogue of the R-torsion and they con- 
jectured that, for compact riemannian manifolds, this analytic torsion agrees with the 
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R-torsion. This conjecture was proved by Cheeger and Miiller. If W is a riemannian man- 
ifold and K is as before, then we have the de Rham complex of W with values in E K at 
our disposal. The hypothesis on K implies that (p,*(W, E K ), d) is also acyclic. Then the 
analytic torsion is essentially the determinant of the de Rham complex. Here the difficulty 
lies in that the vector spaces il p (W, E K ) are infinite dimensional and therefore the "de- 
terminant" has to be defined using a zeta function regularization involving the laplacian. 
More details on the construction of R-torsion and analytic torsion can be found in PTI . 

Ray and Singer observed that, with the help of hermitian metrics, the acyclicity con- 
dition can be removed. Moreover, their definition of analytic torsion can be extended to 
any elliptic complex. In the paper Il42l . they introduced a holomorphic analogue of the 
analytic torsion as the determinant of the Dolbeault complex. They also studied some of 
its properties and computed some examples. In particular, they showed that this invari- 
ant depends on the complex structure and they gave a hint that the holomorphic analytic 
torsion should be interesting in number theory. This holomorphic analytic torsion and its 
generalizations are the main object of study of the present paper. Since this is the only 
kind of analytic torsion that we will consider, throughout the paper, by analytic torsion 
we will mean holomorphic analytic torsion. 

In the paper [40], Quillen, using the analytic torsion, associated to each holomorphic 
hermitian vector bundle on a Riemann surface a hermitian metric on the determinant of 
its cohomology. Furthermore, he showed that this metric varies smoothly with the holo- 
morphic structure on the vector bundle. He also computed the curvature of the hermitian 
line bundle on the space of all complex structures obtained in this way. 

Subsequently Bismut and Freed 0, [H generalized the construction of Quillen to 
families of Dirac operators on the fibers of a smooth fibration. They obtained a smooth 
metric and a unitary connection on the determinant bundle associated with the family 
of Dirac operators. Furthermore, they computed the curvature of this connection, which 
agrees with the degree 2 part of the differential form obtained by Bismut in his proof of 
the Local Index theorem 0. Later, in a series of papers flU, OH, ffUL Bismut, Gillet 
and Soule considered the case of a holomorphic submersion endowed with a holomorphic 
hermitian vector bundle. They defined a Quillen type metric on the determinant of the 
cohomology of the holomorphic vector bundle. In the locally Kahler case, they showed 
the compatibility with the constructions of Bismut-Freed. In addition they described the 
variation of the Quillen metric under change of the metric on the vertical tangent bundle 
and on the hermitian vector bundle. The results of 0, iflOl . ifTTTl represent a rigidification 
of 0, (HI. All in all, these works explain the relationship between analytic torsion and 
the Atiyah-Singer index theorem and, in the algebraic case, with Grothendieck's relative 
version of the Riemann-Roch theorem. 

In ||20l , Deligne, inspired by the Arakelov formalism, gave a formula for the Quillen 
metric that can be seen as a very precise version of the degree one case of the Riemann- 
Roch theorem for families of curves. This result is in the same spirit as the arithmetic 
Riemann-Roch theorem of Faltings ll23l . 

In the paper |f29l , Gillet and Soule conjectured an arithmetic Riemann-Roch formula 
that generalizes the results of Deligne and Faltings. Besides the analytic torsion or its 
avatar, the Quillen metric, this Riemann-Roch formula involves a mysterious new odd 
additive characteristic class, the i?-genus, that they computed with the help of Zagier. 
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In the work [14] Bismut and Lebeau studied the behavior of the analytic torsion with 
respect to complex immersions. Their compatibility formula also involved the i?-genus. 
Later Bost |[T5Tl and Roessler 11431 explained, using geometric arguments, why the same 
genus appears both in the arithmetic Riemann-Roch formula and the Bismut-Lebeau com- 
patibility formula. However these geometric arguments do not characterize the i?-genus. 

Gillet and Soule ll30l proved the degree one part of the arithmetic Riemann-Roch 
theorem. A crucial ingredient of the proof is the compatibility formula of Bismut-Lebeau. 

In order to establish the arithmetic Riemann-Roch theorem in all degrees it was nec- 
essary to generalize the analytic torsion and define higher analytic torsion classes. It was 
clear from ll30l that, once a suitable theory of higher analytic torsion classes satisfying 
certain properties were developed, then the arithmetic Riemann-Roch theorem would fol- 
low. A first definition of such forms was given by Gillet and Soule in [|2~9ll , but they did 
not prove all the necessary properties. A second equivalent definition was given in IfTBl 
by Bismut and Kohler, where some of the needed properties are proved. The compatibil- 
ity of higher analytic torsion classes with complex immersions, i.e. the generalization of 
Bismut-Lebeau compatibility formula, was proved in Q. As a consequence, Gillet, Soule 
and Rossler [25] extended the arithmetic Riemann-Roch theorem to arbitrary degrees. 



In the book [24], Faltings followed a similar strategy to define direct images of her- 
mitian vector bundles and proved an arithmetic Riemann-Roch formula up to a unique 
unknown odd genus. 

The arithmetic Riemann-Roch theorems of Gillet-Soule and Faltings deal only with 
projective morphisms between arithmetic varieties such that, at the level of complex 
points, define a submersion. By contrast, in his thesis ll50l Zha follows a completely dif- 
ferent strategy to establish an arithmetic Riemann-Roch theorem without analytic torsion. 
His formula does not involve the i?-genus. Moreover Zha's theorem is valid for any pro- 
jective morphism between arithmetic varieties. 

In [|44l . Soule advocates for an axiomatic characterization of the analytic torsion, sim- 
ilar to the axiomatic characterization of Bott-Chern classes given by Bismut-Gillet-Soule 
in 0. Note that the R-torsion has also been generalized to higher degrees giving rise to 
different higher torsion classes. In 11331 . Igusa gives an axiomatic characterization of these 
higher torsion classes. 

We now explain more precisely what we mean by a theory of generalized analytic 
torsion classes. The central point is the relationship between analytic torsion and the 
Grothendieck- Riemann-Roch theorem. 

Let 7r : X — > Y be a smooth projective morphism of smooth complex varieties. Let u: 
be a closed (1,1) form on X that induces a Kahler metric on the fibers of n and, moreover, 
a hermitian metric on the relative tangent bundle T v . We denote T w the relative tangent 
bundle provided with this metric. 

Let F = (F, h F ) be a hermitian vector bundle on X such that for every i > 0, R l ix if F 
is locally free. We consider on R l n*F the L 2 metric obtained using Hodge theory on 
the fibers of n and denote the corresponding hermitian vector bundle as R ir n*F. To these 
data, Bismut and Kohler associate an analytic torsion differential form r that satisfies the 
differential equation 



* ddr = J^(-l) 4 ch(i#7r*F) - 7T*(ch(F) Td(T 7r )) 



(1.1) 
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where * is a normalization factor that is irrelevant here (see [8]). Moreover, if we consider 
the class of r up to Im d + Im 8, then r behaves nicely with respect to changes of metrics. 

The Grothendieck-Riemann-Roch theorem in de Rham cohomology says that the dif- 
ferential form on the right side of equation (11.11) is exact. Therefore, the existence of the 
higher analytic torsion classes provides us an analytic proof of this theorem. 

Since the Grothendieck-Riemann-Roch theorem is valid with more generality, it is nat- 
ural to extend the notion of higher analytic torsion classes to non-smooth morphisms. To 
this end we will use the language of hermitian structures on the objects of the bounded 
derived category of coherent sheaves developed in IfTTl . In particular we will make exten- 
sive use of the category D introduced in loc. cit.. Since, from now on, derived categories 
will be the natural framework, all functors will tacitly be assumed to be derived functors. 
By reasons explained in loc. cit. we will restrict ourselves to the algebraic category. Let 
/ : X — > Y be a projective morphism between smooth complex algebraic varieties. Let F 
be a hermitian vector bundle on X. Now, the relative tangent complex Tf and the derived 
direct image f*F are objects of the bounded derived category of coherent sheaves on X 
and Y respectively. Since X and Y are smooth, using resolutions by locally free sheaves, 
we can choose hermitian structures on Tf and f„F. Hence we have characteristic forms 
ch(/*F) and Td(T/). We denote by / the morphism / together with the choice of her- 
mitian structure on Tf. Then the triple £ = (/, F, f*F) will be called a relative hermitian 
vector bundle. This is a particular case of the relative metrized complexes of Section [2l 

Then, a generalized analytic torsion class for £ is the class modulo Im d + Im d of a 
current that satisfies the differential equation 

* ddr = ch(^F) - /*(ch(F) Td(T f )). (1.2) 

Note that such current r always exists. Again, the Grothendieck-Riemann-Roch theorem 
in de Rham cohomology implies that the right hand side of equation (11.21) is an exact 
current. Thus, if Y is proper, the dd c -\emma implies the existence of such a current. When 
Y is non-proper, a compactification argument allows us to reduce to the proper case. 

Of course, in each particular case, there are many choices for r. We can add to r any 
closed current and obtain a new solution of equation (1 1 .2b . By a theory of generalized an- 
alytic torsion classes we mean a coherent way of choosing a solution of equation (11.21) for 
all relative hermitian vector bundles, satisfying certain natural minimal set of properties. 

Each theory of generalized analytic torsion classes gives rise to a definition of direct 
images in arithmetic A'-theory and therefore to an arithmetic Riemann-Roch formula. In 
fact, the arithmetic Riemann-Roch theorems of Gillet-Soule and of Zha correspond to 
different choices of a theory of generalized analytic torsion classes. We leave for a subse- 
quent paper the discussion of the relation with the arithmetic Riemann-Roch formula. 

Since each projective morphism is the composition of a closed immersion followed by 
the projection of a projective bundle, it is natural to study first the analytic torsion classes 
for closed immersions and projective bundles and then combine them in a global theory 
of analytic torsion classes. 

In |fT9l the authors studied the case of closed immersions (see Section[3]). The general- 
ized analytic torsion classes for closed immersions are called singular Bott-Chern classes 
and we will use both terms interchangeably. The definition of a theory of singular Bott- 
Chern classes is obtained by imposing axioms analogous to those defining the classical 
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Bott-Chern classes II261 . Namely, a theory of singular Bott-Chern classes is an assignment 
that, to each relative hermitian vector bundle £ = (/, F, f*F), with / a closed immersion, 
assigns the class of a current T(£) on Y, satisfying the following properties: 

(i) the differential equation (11.21) ; 

(ii) functoriality for morphisms that are transverse to /; 

(iii) a normalization condition. 

A crucial observation is that, unlike the classical situation, these axioms do not uniquely 
characterize the singular Bott-Chern classes. Consequently there are various nonequiva- 
lent theories of singular Bott-Chern classes. They are classified by an arbitrary charac- 
teristic class of F and Tf. If we further impose the condition that the theory is transitive 
(that is, compatible with composition of closed immersions) and compatible with the pro- 
jection formula then the ambiguity is reduced to an arbitrary additive genus on Tf. The 



uniqueness can be obtained by adding to the conditions [(I)] - |(iii)| an additional homogene- 
ity property. The theory obtained is transitive and compatible with the projection formula 
and agrees (up to normalization) with the theory introduced in lfT2l . 

Similarly, one can define a theory of analytic torsion classes for projective spaces 
(Section [5]). This is an assignment that, to each relative hermitian vector bundle £ = 
(/, F, f*F), where /: P y — > Y is the projection of a trivial projective bundle, assigns 



the class of a current T(£) satisfying the properties analogous to below, plus the 

additivity and the compatibility with the projection formula. The theories of analytic tor- 
sion classes for projective spaces are classified by their values in the cases Y = Spec C, 
n > 0, F = 0(k), < k < n for one particular choice of metrics (see Theorem 15 .91 ) . 

We say that a theory of analytic torsion classes for closed immersions and one for 
projective spaces are compatible if they satisfy a compatibility equation similar to Bismut- 
Lebeau compatibility formula for the diagonal immersion A : P^. — * x n — 0- 
Given a theory of singular Bott-Chern classes that is transitive and compatible with the 
projection formula, there exists a unique theory of analytic torsion classes for projective 
spaces that is compatible with it (Theorem 16 .41) . 



The central result of this paper (Theorem 17 .71) is that, given a theory of singular Bott- 
Chern classes and a compatible theory of analytic torsion classes for projective spaces, 
they can be combined to produce a unique theory of generalized analytic torsion classes 
(Definition l7.il) . Moreover, every theory of analytic torsion classes arises in this way. Thus 
we have a complete classification of the theories of generalized analytic torsion classes 
by additive genera. 

Once we have proved the classification theorem, we derive several applications. The 
first consequence of Theorem 17.71 is that the classes of the analytic torsion forms of 
Bismut-Kohler arise as the restriction to Kahler fibrations of the theory of generalized 
analytic torsion classes associated to minus one half of the i?-genus (Theorem l8.8l) . In par- 
ticular, we have succeeded to extend Bismut-Kohler analytic torsion classes to arbitrary 
projective morphisms in the algebraic category. Moreover, we reprove and generalize the 
theorems of Berfhomieu-Bismut d and Ma 11351 , 11361 on the compatibility of analytic 
torsion with the composition of submersions (Corollary 18.1 II) . 



5 



The second application of the classification theorem is a characterization of the R- 
genus. From the axiomatic point of view, the role played by the i?-genus is mysterious. It 
would seem more natural to consider the generalized analytic torsion classes associated 
to the trivial genus 0. This is the choice made implicitly by Zha in his thesis Il50l . In 
fact, with our point of view, one of the main results of Zha's thesis is the existence of a 
theory of analytic torsion classes associated to the trivial genus. This theory leads to an 
arithmetic Riemann-Roch formula identical to the classical one without any correction 
term. Thus, one is tempted to consider the i?-genus as an artifact of the analytic definition 
of the analytic torsion. Nevertheless, by the work of several authors, the i?-genus seems 
to have a deeper meaning. A paradigmatic example is the computation by Bost and Kiihn 
ll34l of the arithmetic self-intersection of the line bundle of modular forms on a modular 
curve, provided with the Petersson metric. This formula gives an arithmetic meaning to 
the first term of the R- genus. Thus it is important to characterize the R- genus from an 
axiomatic point of view and to understand its role in the above computations. 

From a theorem of Bismut Q we know that the Bismut-Kohler analytic torsion classes 
of the relative de Rham complex of a Kahler fibration (with the appropriate hermitian 
structures) vanish. This result is important because one of the main difficulties to apply 
the arithmetic Riemann-Roch theorem is precisely the estimation of the analytic torsion. 
Moreover, this result explains why the terms of the i?-genus appear in different arith- 
metic computations. For instance, the equivariant version of this result (due to Maillot 
and Roessler in degree and to Bismut in general) allows Maillot and Roessler ||37l to 
prove some cases of a conjecture of Gross-Deligne. 

The above vanishing property characterizes the analytic torsion classes of Bismut and 
Kohler. In order to show this, we first construct the dual theory T v to a given theory T of 
generalized analytic torsion classes (Theorem Definition 19. 101 ). A theory is self-dual (T = 
T v ) if and only if the even coefficients of the associated genus vanish (Corollary 19 .141) . In 
particular, Bismut-Kohler's theory is self-dual. Self-duality can also be characterized in 
terms of the de Rham complex of smooth morphisms (Theorem |9.18l) . A theory T is self- 
dual if its components of bidegree (2p — l,p), p odd, in the Deligne complex, vanish on 
the relative de Rham complexes of Kahler fibrations. Finally, in Theorem 19.241 we show 
that, if it exists, a theory of analytic torsion classes that vanishes, on all degrees, on the 
relative de Rham complexes of Kahler fibrations is unique, hence it agrees with Bismut- 
Kohler's one. In fact, to characterize this theory, it is enough to assume the vanishing of 
the analytic torsion classes for the relative de Rham complexes of Kahler fibrations of 
relative dimension one. To establish this characterization we appeal to the non-vanishing 
of the tautological class n g _ 2 on the moduli stack Ai g of smooth curves of genus g > 2. 

The third application of generalized analytic torsion classes is the construction of 
direct images of hermitian structures. We consider the category Sm^c introduced in 
ifm . The objects of this category are smooth complex varieties, and the morphisms are 
projective morphisms equipped with a hermitian structure on the relative tangent com- 
plex. Assume that we have chosen a theory of generalized analytic torsion classes. Let 
/: X — > Y be a morphism in Sm,/ C . One would like to define a direct image functor 

/*: D b (X) — > T) b (Y). It turns out that, using analytic torsion, we can not define the 
direct image functor on the category D and we have to introduce a new category D b . 
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Roughly speaking, the relation between D b and D b , is the same as the relation between 
the arithmetic A'-groups and the usual A-groups fll28lD . Then we are able to define a 
direct image functor /* : D b (X) — > D b (Y), that satisfies the composition rule, projec- 
tion formula and base change. Moreover, if the theory of generalized analytic torsion is 
self-dual (as the Bismut-Kohler theory) this functor satisfies a Grothendieck duality the- 
orem. In a forthcoming paper, the direct image functor will be the base of an arithmetic 
Grothendieck-Riemann-Roch theorem for projective morphisms. 

The last application that we discuss is a new proof of a theorem of Bismut-Bost on 
the singularity of the Quillen metric for degenerating families of curves, whose singular 
fibers have at most ordinary double points BH. In contrast with loc. cit., where the spec- 
tral definition of the Ray-Singer analytic torsion is required, our arguments rely on the 
existence of a generalized theory for arbitrary projective morphisms and some elemen- 
tary computations of Bott-Chern classes. This theorem has already been generalized by 
Bismut [4] and Yoshikawa ||49l to families of varieties of arbitrary dimension. In fact, our 
approach is very similar to the one in flU and ll4"9ll . One of the main ingredients of their 
proof is Bismut-Lebeau immersion formula, while our approach uses implicitly Bismut's 
generalization of the immersion formula in the comparison between Bismut-Kohler an- 
alytic torsion and a theory of generalized analytic torsion classes. But what we want to 
emphasize is that, once we have identified Bismut-Kohler as (part of) a theory of gener- 
alized analytic torsion classes, many arguments can be simplified considerably because 
the theory has been extended to non-smooth projective morphism. For simplicity, we treat 
only the case of families of curves and the Quillen metric, but the methods can be applied 
to higher dimensional families and analytic torsion forms of higher degree. 

A few words about notations. The normalizations of characteristic classes and Bott- 
Chern classes in this paper differ from the ones used by Bismut, Gillet-Soule and other 
authors. The first difference is that they work with real valued characteristic classes, while 
we use characteristic classes in Deligne cohomology, that naturally include the algebro- 
geometric twist. The second difference is a factor 1/2 in Bott-Chern classes, that explains 
the factor 1/2 that appears in the characteristic class associated to the torsion classes of 
Bismut-Kohler. This change of normalization appears already in ||T6l and its objective is 
to avoid the factor 1/2 that appears in the definition of arithmetic degree in ||2~71 §3.4.3] 
and the factor 2 that appears in Il27l Theorem 3.5.4] when relating Green currents with 
Beilinson regulator. The origin of this factor is that the natural second order differential 
equation that appears when defining Deligne-Beilinson cohomology is d v = —2dd, while 
the operator used when dealing with real valued forms is d d c = ^dp. Thus the char- 
acteristic classes that appear in the present article only agree with the ones in the papers 
of Bismut, Gillet and Soule after renormalization. With respect to the work of these au- 
thors we have also changed the sign of the differential equation that characterizes singular 
Bott-Chern classes. In this way, the same differential equation appears when considering 
both, singular Bott-Chern classes and analytic torsion classes. This change is necessary 
to combine them. 

We point out that our construction of generalized analytic torsion classes is influenced 
by the thesis of Zha ||50ll , where the author uses implicitly a theory of analytic torsion 
classes different from that of Bismut-Kohler. 

In the unpublished e-print [|46ll , L. Weng gives another axiomatic approach to analytic 
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torsion classes, only for smooth morphisms between Kahler fibrations. This forces him to 
include a continuity condition with respect to the deformation to the normal cone as one of 
the axioms. The remaining axioms he uses are: the differential equation, functoriality with 
respect to cartesian squares, compatibility with respect to the projection formula and two 
anomaly formulas. A collection of differential forms satisfying these axioms are called 
relative Bott-Chern secondary characteristic classes. These characteristic classes are not 
unique. The main result of Weng's paper is that any two such theories are related by an 
additive genus. Moreover he is able to obtain a weak form of the existence theorem for 
relative Bott-Chern secondary characteristic classes. 

Further applications of the generalized analytic torsion classes are left for future work. 
We plan to prove generalizations of the arithmetic Grothendieck-Riemann-Roch theorem 
of Gillet-Soule |[30ll and Gillet-Rossler-Soule G51 to arbitrary projective morhisms, along 
the lines of lfl9l . 

It is possible to compute explicitly the characteristic numbers of the unique theory of 
analytic torsion classes for projective spaces compatible with the homogeneous theory for 
closed immersions. This computation makes the characterization of generalized analytic 
torsion classes more precise. Nevertheless, since this computation is much more transpar- 
ent when written in terms of properties of arithmetic Chow groups and the Riemann-Roch 
theorem, we leave it to the paper devoted to the arithmetic Riemann-Roch theorem. 

We also plan to study the possible axiomatic characterization of equivariant analytic 
torsion classes. Note that the characterization of equivariant singular Bott-Chern forms 
has already been obtained by Tang in ||45ll . 

2 Deligne complexes, transverse morphisms and relative 
metrized complexes 

In this section we fix the notations and conventions used through the article, we also recall 
the definition of transverse morphisms and we review some basic properties. Finally we 
introduce the notion of relative metrized complex, and explain some basic constructions. 

The natural context where one can define the Bott-Chern classes and the analytic tor- 
sion classes is that of Deligne complexes. For the convenience of the reader we will sum- 
marize in this section the basic facts about the Deligne complexes we will use in the 
sequel. For more details the reader is referred to |[T6ll and |[T8l . 

Definition 2.1. A Dolbeault complex A = (A^, d^) is a bounded below graded complex 
of real vector spaces equipped with a compatible bigrading on A c = A R <S>^ C, i.e., 

p+q=n 

satisfying the following properties: 

(i) The differential can be decomposed as the sum d^ = d + d of operators d of 
type (1, 0), respectively 5 of type (0, 1). 

(ii) The symmetry property A p < q = A q < p holds, where denotes complex conjugation. 
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The basic example of Dolbeault complex is the complex of differential forms on a 
smooth variety X over C, denoted E*(X) R . 

Following lfT8l §5.2], to a Dolbeault complex one assigns a Deligne complex denoted 
T>*(A, *). In this paper we will only use the following pieces of this complex: 

V 2p+1 (A,p) 
V 2p (A,p) 
V 2p -\A,p) 
V 2p - 2 (A,p) 

The differential of the Deligne complex, denoted by d v : V n (A,p) — > V n+1 (A,p) is 
given, in the above degrees by 

if rj G V 2p (A,p), d T) r) = dri, 
if 7] G V 2p ~ 1 (A, p), d V 7] = -20077, 
if 7] = (u, v) G V 2p ~ 2 (A,p), dx>rj = —du — dv. 

When A is a Dolbeault algebra, that is, A is a graded commutative real differential 
algebra and the product is compatible with the bigrading, then V*(A, *) has a product 

• : V n (A,p)®V m (A,q) -^V n+m (A,p + q) 

that is graded commutative with respect to the first degree, it is associative up to homotopy 
and satisfies the Leibnitz rule. The only case where we will need the explicit formula for 
the product is for to G T> 2p (A,p) and 77 G V m (A, q): tu • 77 = u A 77. 
The Deligne algebra of differential forms on X is defined to be 

V*(X,*) :=V*(E*(X) U ,*). 

If X is equi-dimensional of dimension d, there is a natural trace map given by 

J:H 2 /(X,R(d))^K u^j^J^. 

To take this trace map into account the Dolbeault complex of currents is constructed 
as follows. Denote by E*(X)$> the space of differential forms with compact support. 
Then D PA (X) is the topological dual of E P ' q (X) and D n (X)^ is the topological dual 
of E™(X)u- In this complex the differential is given by 

dT( V ) = (-l) n T(d V ) 

for T G D n (X)fli. For X equi-dimensional of dimension d we write 

D^(X) = D d _ p>d _ q (X), D n (X) R = (27ri)- d D 2d _ n (X). 

With these definitions, D*(X) m is a Dolbeault complex and it is a Dolbeault module 
over E*(X) R . We will denote 

V* D (X,*):=V*(D*(X)jt,*). 



= (A p > p+1 © A p+hp ) n (2TTi) p A 2p+ \ 

= A** n (2m) p A 2 R p , 

= A?' 1 *- 1 n (27rz) p - 1 A^- 2 , 

= t AP -2a>-i A p-i, p -2x n (2m) p - 1 A 2 *'* . 
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for the Deligne complex of currents on X. The trace map above defines an element 

5 X EV° D (X : 0). 

More generally, if Y C X is a subvariety of pure codimension p, then the current integra- 
tion along Y, denoted 5y 6 V 2 ^(X,p) is given by 

5y(uj) = -, t-, — / U). 

Moreover, if S C T*X is a closed conical subset of the cotangent bundle of X with 
the zero section removed, we will denote by (T>* D (X, S, *), dx>) the Deligne complex of 
currents on X whose wave front set is contained in S. For instance, if N Y is the conormal 
bundle to Y, then 

5 Y eV%(X,N Y , P ). 
If u) is a locally integrable differential form, we associate to it a current 

This map induces an isomorphism V*(X, *) — > V* D (X, 0, *) that we use to identify 
them. For instance, when in a formula sums of currents and differential forms appear, we 
will tacitly assume that the differential forms are converted into currents by this map. 

Note also that, if / : X — > Y is a proper morphism of smooth complex varieties of 
relative dimension e, then there are direct image morphisms 

f*:V n D (X,p)^V n D - 2e (X,p-e). 

If / is smooth, the direct image of differential forms is defined by, first converting them 
into currents and then applying the above direct image of currents. If / is a smooth mor- 
phism of relative dimension e we can convert them back into differential forms. This 
procedure gives us l/(27ri) e times the usual integration along the fiber. 
We shall use the notations and definitions of |fT9l . In particular, we write 

V n (X,p) = V n (X,p)/d v V n -\X,p), 
Vl(X,p) = V n D (X,p)/d v V n D -\X,p). 

We now recall the definition of the set of normal direction of a map and the definition 
of transverse morphisms. 

Definition 2.2. Let / : X — > Y be a morphism of smooth complex varieties. Let T*Y be 
the cotangent bundle to Y with the zero section removed. The set of normal directions of 
f is the conic subset of T*Y given by 

N f = {(y,v)eT*Y \df t v = 0}. 

Definition 2.3. Let / : X — > Y and g : Z — > Y be morphisms of smooth complex vari- 
eties. We say that / and g are transverse if Nf D N g — 0. 
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It is easily seen that, if / is a closed immersion, this definition of transverse morphisms 
agrees with that given in OT1 IV-17.13]. If / and g are transverse, then the cartesian 
product X x Z is smooth. For lack of a good reference we prove the following result. 

Y 

Proposition 2.4. Let f : X — >• Y and g: Z — >■ Y be transverse morphisms of smooth 
complex varieties. Then they are tor-independent. 

Proof. Since the conditions of being transverse and being tor-independent are both local 

on Y, X and Z we may assume that the map / factorizes as X -V Y x A n — > Y, where i 
is a closed immersion and p is the projection. Let g'\ Z x A" — > Y x A n be the morphism 
g x id. If / and g are transverse then i and g' are transverse. While, if i and g' are tor- 
independent then / and g are tor-independent. Hence we may suppose that / is a closed 
immersion. 

Since every closed immersion between smooth schemes is regular, we may assume 
that Y = Spec A, X = Spec A/ 1, where I is an ideal generated by a regular sequence 
(si, . . . , sjt) and Z = Spec B. The transversality condition implies that (si, . . . , sjt) is a 
regular sequence generating 75. Let K be the Koszul resolution of A/ 1 attached to the 
above sequence. Then K ®^ B is the Koszul resolution of B/ IB, hence exact. Therefore, 
Tot 1 a (A/I, B) = for all z > 1. Thus / and g are tor-independent. □ 

Let now Y" A Y' A Y be morphisms of smooth complex varieties such that g and 
g o h are smooth. We form the cartesian diagram 




The smoothness of g implies that Nf = g*Nf. Then the smoothness of g o h implies that 
h and /' are transverse. Therefore, any current 7] G V* d (Y\ Ny, *) can be pulled back to 
a current h*r] G V* D (Y", N r , *). 

The following result will be used to characterize several Bott-Chern classes and ana- 
lytic torsion classes. 

Lemma 2.5. Let f : X — ^ Y be a morphism of smooth complex varieties. Let tp be an 
assignment that, to each smooth morphism of complex varieties g: Y' — > Y and each 
acyclic complex A of hermitian vector bundles on X' := X x Y' assigns a class 

Y 

v(A)e@VUY',g*N f ,p) 

fulfilling the following properties: 

(i) (Differential equation) the equality d-p <p{A) = holds; 

(ii) (Functoriality) for each morphism h: Y" — > Y' of smooth complex varieties with 
g oh smooth, the relation h*ip(A) = <p(h*A) holds; 



11 



(Hi) (Normalization) if A is orthogonally split, then (fi(A) = 0. 
Then ip = 0. 

Proof. The argument of the proof of lfT9l Thm. 2.3] applies mutatis mutandis to the 
present situation. One only needs to observe that all the operations with differential forms 
of that argument can be extended to the currents that appear in the present situation thanks 
to the hypothesis about their wave front sets. □ 

In the paper ifTTl we defined and studied hermitian structures on objects of the bounded 
derived category of coherent sheaves on a smooth complex variety. The language and the 
results of loc. cit. will be used extensively in this paper. We just mention here that a her- 
mitian metric on an object T of D b (X) is an isomorphism E --■> T in D b (X), with E a 
bounded complex of vector bundles, together with a choice of a hermitian metric on each 
constituent vector bundle of E. Such an isomorphism always exists due to the fact that we 
work in the algebraic category. A hermitian structure is an equivalence class of hermitian 
metrics. To each smooth complex variety X, we associated the category D (X) ( IfTTl § 3]) 
whose objects are objects of D b (X) provided with a hermitian structure. We introduced 
the hermitian cone ( IfTTl Def. 3.14]), denoted cone, of a morphism in D (X). We also de- 
fined Bott-Chern classes for isomorphisms ( IfTTl Thm. 4.11]) and distinguished triangles 
( IfTTl Thm. 4.18]) in D (X). We introduced a universal abelian group for additive Bott- 
Chern classes. Namely, the set of hermitian structures on a zero object of T> b (X) is an 
abelian group that we denote KA(X) ( IfTTl Def. 2.31]). Finally, we defined the category 
Sm^/c ( IfTTl § 5]) whose objects are smooth complex varieties and whose morphisms are 
projective morphisms together with a hermitian structure on the relative tangent complex. 

We introduce now one of the central objects of the paper. 

Definition 2.6. Let / : X — > Y be a projective morphism of smooth complex varieties 
and / £ Honig^ (X,Y) a morphism over /. Let T £ ObD (X) and let f^J 7 £ 

*/C 

Ob D (Y) be an object over /* T. The triple £ = (/, J 7 , /* J 7 ) will be called a relative 
metrized complex. When / is a closed immersion we will also call it an embedded metrized 
complex. When T and /* T are clear from the context we will denote the relative metrized 
complex £ by the morphism /. 

Let £ = (/, J 7 , /* J 7 ) be a relative metrized complex and let g : Y' — > Y be a morphism 
of smooth complex varieties that is transverse to /. Consider the cartesian diagram 

X' — X (2.7) 

/' / 
Y> >Y 

I g I . 

Then /' is still projective. Moreover, the transversality condition implies that the canonical 
morphism g'*Tj Tf is a hermitian structure on Ty. We define 

g*J= (f,g'*T 7 ) £ Horns- c (X',F')- (2-8) 
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By tor-independence, there is a canonical isomorphism g*f*J r -~» fig'* J 7 - Therefore 
g*f* T induces a hermitian structure on fig'* J 7 . 

Definition 2.9. The pull-back of £ by g is the relative metrized complex 

g*Z = (g*J,g'*T,g*JJ 7 ). 



Definition 2.10. Let £ = (/ : X — > F, J 7 , /* J 7 ) be a relative metrized complex. Let £/ be 
an object of D (Y). The hermitian structures on f^T and Q induce a natural hermitian 
structure on f^J 7 <g) f*Q) that we denote /^J 7 ® Q. The tensor product oft; by Q is then 
defined to be the relative metrized complex 



t®G = {f,T®f*Q,f*T®G). 



Definition 2.11. Let ^ = (/, J^, f*J-i), i — 1, 2 be relative metrized coherent complexes 
on X. Then f/ie direct sum relative metrized complex is 



We now introduce a notation for Todd-twisted direct images of currents and differential 
forms, that will simplify many formulas involving the Todd genus. Let / = (/, Tf) be 
a morphism in Sm*/ C . To / we associate a Todd differential form Td(/) := Td(Tj) £ 
p V 2p (X, p) El (5.15)]. Let S be a closed conic subset of T*X . Then we denote 

MS) = {(f(x), V )eT*Y | (x,(d/)Sj) £ S}UiV>. (2.12) 

If g : F — > Z is another morphism of smooth complex varieties, it is easy to see that we 
have (gofUS)CgJ*(S). 



Definition 2.13. Let / : X — > Y be a morphism in Sm*/c of relative dimension e. For 
each closed conical subset S C T*X and each pair of integers n, p, we define the map 

J b : Vl(X,S,p)^V n D - 2e (YJ*S,p-e), JbH = /.(w • Td(7)). 



Proposition 2.14. Le? /: X — ► F and~g: Y Z be morphisms in Sm^/c of relative 
dimensions e± and ti respectively. Let S C T*X , T C T*F Z?e closed conical subsets 
and let h = f og, of relative dimension e = e± + e.^. 

( i) The following diagram is commutative 

Vl(X, S, p) ^ V n D ~ 2 ^ (F, f.S, p - ei) 



9b 

2^- 2e (Z, KS,p - e)< ^ 2e {Z, - e). 

(«J Lef 9 £ X>^(X, 5, g) and w £ (F, T, p). Assume Tf]N f = ^and that T+f^S is 
disjoint with the zero section in T*Y . Then f*T + S is disjoint with the zero section 
and there is an equality of currents 

h(f*(u).9)=u.f,(9) 

in V n D +m (Y, W,p + q), with W = f.(S + f*T) U f*S U fJ*T. 
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Proof. For the first assertion, it is enough to notice the equality of currents 



MfM) = (9 o /)„(w . /* Td(g) . Td(/))). 

For the second, it is easy to see that f*T + S does not cross the zero section, and hence 
both sides of the equality are defined. It then suffices to establish the equality of currents 
f*(f*u) • 9) = f*(co) • 9. If 9 and cu are smooth, then the equality follows from the 
definitions. The general case follows by approximation of 9 and cu by smooth currents 
and the continuity of the operators /* and /*. □ 



Proposition 2.15. Let f be a morphism in Sin. of relative dimension e and S a closed 
conical subset of T*Xq. Let g: Y' — > Y be a morphism of smooth complex varieties 
transverse to f. Consider the cartesian diagram (12.71) and let f = g*f. Suppose that N g > 
is disjoint with S. Then: 

(i) N g and f*S are disjoint and g*f*S C fig'* S; 

(ii) the following diagram commutes: 

VUX, S,p) — V n D 2e (Y, f*S,p-e) 
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a 

V n D (X',g'*S lP )^V n D 2e (Y'j:g'*S,p-e) 



Proof. The first claim follows from the definitions. In particular the diagram makes sense. 
For the commutativity of the diagram, we observe that, since g'*Td(f) = Td(f ), it 
suffices to check the equality of currents g*f*(9) = f\g'*{9) for 9 G Vp(X, S,p). 

By the continuity of the operators g*, g'*, /* and f\, it is enough to prove the relation 
whenever 9 is smooth. Moreover, using a partition of unity argument we are reduced to 
the following local analytic statement. 

Lemma 2.16. Let f : X — >• Y and g: Y' — > Y be transverse morphisms of complex 
manifolds. Let 9 be a smooth differential form on X with compact support. Consider the 
diagram (I2.7I ). Then 

9*fM = f*9'*(8)- (2-17) 

Proof. The map / can be factored as X -^r X x Y Y, where ip(x) = (x, f(x)) is 
a closed immersion and p 2 , the second projection, is smooth. Using again the continuity 
of the operators g* (respectively g'*) and /* (respectively /'*), we are reduced to prove 
the equation (12.171 ) in the case when / is smooth and in the case when / is a closed 
immersion. The case when / is smooth is clear. Assume now that / is a closed immersion. 
By transversality, /' is also a closed immersion of complex manifolds. We may assume 
that 9 = f*9 for some smooth form 9 on Y. Then equation (12.171) follows from the chain 
of equalities 

9*f*9 = g*fj*9 = g*(9 A S x ) = g*(9) A 5 X , = fj'*g*6 = f'J*f*6 = f'J*9. 
This concludes the proof of the lemma and the proposition. □ □ 
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3 Analytic torsion for closed immersions 



In the paper [ 19 ] the authors study the singular Bott-Chern classes associated to closed im- 
mersions of smooth complex varieties. The singular Bott-Chern classes are the analogue, 
for closed immersions, of the analytic torsion for smooth morphisms. For this reason, we 
will call them also analytic torsion classes. The aim of this section is to recall the main 
results of [19J and to translate them into the language of derived categories. 

Definition 3.1. A theory of analytic torsion classes for closed immersions is a map that, 
to each embedded metrized complex £ = (/ : X — y Y, J 7 , /* J 7 ) assigns a class 

me($v 2 v-\Y,N }lP ) 

p 

satisfying the following conditions. 

(i) (Differential equation) The equality dx>T(£) = ch^J 7 ) — /Jcb^J 7 )] holds. 

(ii) (Functoriality) For every morphism h : Y' — y Y of smooth complex varieties that is 
transverse to / we have the equality h*T(£) = T(h*£). 

(iii) (Normalization) If X = (hence T = 0), Y = Spec C, and J~T = 0, then 

T(J,0,0)=0. 

Definition 3.2. Let T be a theory of analytic torsion classes for closed immersions. 

(i) We say that T is compatible with the projection formula if, for every embedded 
metrized complex £ = (/, J 7 , /^J 7 ), and every object Q £ D (Y), we have 

T(£®£) = T(£).ch(£). (3.3) 

(ii) We say that T is additive if, given £ { = (/, JF^ f*Fi), i = 1,2, two embedded 
metrized complexes, we have 

T^ 1 ®Q=T(Q + T(Q. (3.4) 

(iii) We say that T is transitive if, given a embedded metrized complex £ = (/, J 7 , /* J 7 ), 
a closed immersion of smooth complex varieties g : Y — y Z, a morphism g over g, 
and an object (g o f)^F £ Ob D (Z) over (g o f)*F, we have 

T(goJ)=T(g)+g b (T(f)). (3.5) 

Remark 3.6. (i) If T is well defined for objects of D b , then the normalization condi- 
tion in Definition 13. II and the normalization condition in [19, Def. 6.9] are equiva- 
lent. The compatibility with the projection formula implies the normalization con- 
dition and the additivity (see lfT9l Prop. 10.9]) 

(ii) To check that a theory is compatible with the projection formula, it is enough to 
consider complexes consisting of a single hermitian vector bundle in degree 0. 
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Let X be a smooth complex variety and let N be a hermitian vector bundle of rank r. 
We denote by P = P(iV © 1) the projective bundle obtained by completing N. Let 
7i P : P — > X be the projection and let s: X — > P be the zero section. Since iV can 
be identified with the normal bundle to X on P, the hermitian metric of N induces a 
hermitian structure on s. We will denote it by s. On P we have a tautological quotient 
vector bundle with an induced metric Q. For each hermitian vector bundle F on X we 
have the Koszul resolution K{F, N) of s*F. We denote by K(F, N) the Koszul resolution 
with the induced metrics. See lfT9l Def. 5.3] for details. 

Definition 3.7. Let T be a theory of analytic torsion classes for closed immersions. We 
say that T is homogeneous if, for every pair of hermitian vector bundles N and F with 
rk N = r, there exists a homogeneous class of bidegree (2r — 1 , r) in the Deligne complex 

e(F,N) zT%-\P,N„r) 

such that 

T(s, F, K(F, iV)) • Td(Q) = e(F, N) • ch(vr^F). (3.8) 

Remark 3.9. Observe that Definition 13 .71 is equivalent to |fT9l Def. 9.2]. The advantage 
of the definition in this paper is that it treats on equal footing the case when rk F = 0. 

Let O denote the base ring for Deligne cohomology (see |[T9ll before Definition 1 .5). A 
consequence of lfT9l Thm. 1 .8] is that there is a bijection between the set of additive genus 
in Deligne cohomology and the set of power series in one variable B>[[x]]. To each power 
series ip G B[[x]] it corresponds the unique additive genus such that <p(L) = (f(ci(L)) for 
every line bundle L. 

Definition 3.10. A real additive genus is an additive genus such that the corresponding 
power series belongs to 

Let li G © be the element represented by the constant function 1 of "D^Spec C, 1) = 
IR. The main result of lfT9l can be written as follows. 

Theorem 3.11. (i) There is a unique homogeneous theory of analytic torsion classes 
for closed immersions, that we denote T h . This theory is compatible with the pro- 
jection formula, additive and transitive. 

( ii) Let T be any transitive theory of analytic torsion classes for closed immersions, 
that is compatible with the projection formula. Then there is a unique real additive 
genus St such that, for any embedded metrized complex £ := (/, J 7 , f^J 7 ), we have 

T(0 - T\0 = -Mch(F) . Td(7» . S T (T f ) • U). (3.12) 

( Hi) Conversely, any real additive genus S defines, by means of equation (13.121) . a unique 
transitive theory of analytic torsion classes T$ for closed immersions, that is com- 
patible with the projection formula and additive. 
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Proof. Existence and uniqueness for both T h and T5 is the content of |fT9l when restrict- 
ing to triples £ with Tj = N x /y[— 1]» F a hermitian vector bundle placed in degree and 
/* F given by a finite locally free resolution. For the general case, we thus need to prove 
that the theories of analytic torsion classes for closed immersions in the sense of loc. cit. 
uniquely extend to arbitrary £, fulfilling the desired properties. 

Assume given a theory T in the sense of lfl9ll . compatible with the projection for- 
mula and transitive. We will call T the initial theory. We consider a triple £ with Tj = 

N x/y [—1] and F G Ob T) h (X). Choose a representative F ---» F of the hermitian struc- 
ture on F . We then define T(£) by induction on the length of the complex F. First suppose 
that F = F d [— d] consists of a single vector bundle placed in degree d. Choose a finite 
locally free resolution 

> E 1 -> E° -> f\F d -> 0. 

Endow the vector bundles E % with smooth hermitian metrics. Observe that there is an in- 
duced isomorphism E\—d] --■ » /^J 7 , in D (V), whose Bott-Chern classes ch are defined 
in [El § 4]. We then put 

T(£) = (-l) d T(N x/Y ,F d ,E) + dk(E[-d] ---» J~T). (3.13) 

This definition does not depend on the choice of representative of the hermitian structure 
on F, nor on the choice of E, due to EH Thm. 4.11, Prop. 4.13], and HI Cor. 6.14]. 
The differential equation is satisfied as a consequence of the differential equations for 

T(N x /y,F ,E) and ch(E[—d] — » f*F). The compatibility with pull-back by mor- 
phisms h : Y' — > Y transverse to / is immediate as well. Finally, notice that by construc- 
tion, if £ = (N X /Y, F, f*F ), then 

T(f) = T(0 + dxQJ? ,J-F). (3.14) 

Now suppose that T(£) has been defined for F of length I, satisfying in addition (13.141) . 
If F has length / + 1, let F d be the first non-zero vector bundle of F. Consider the exact 
sequence of complexes 

(e) -> a >d F -> F -> ^ 0, 

where cr >d is the bete filtration. Observe that as a distinguished triangle, (e) is tightly 
distinguished, hence ch(e) = 0. Choose hermitian metrics on f*a >d F and /*-P d [— d]. We 
thus have a distinguished triangle in D (Y) 

(r) /*a> d F -> -> /^[-d] -> A«7> d F[l] 

We define 

T(£) = T(N x/Y ,cr >d F,J~~^F) + (-l) d T(N x/Y , F*, JW) - ch(r). (3.15) 

This does not depend on the choice of hermitian structures on f if a >d F and f*F d , by 
the analogue to IfTTl Thm. 3.33 (vii)] for ch and because (13.141) holds by assumption 
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for T(N X /y, ° >d F, f*a> d F) and T(N X/Y , f\ f,F d ). Similarly, (13TT41) holds for T(f) 
defined in (13.151) . The differential equation and compatibility with pull-back are proven 
as in the first case. This concludes the proof of the existence in case that Tj = Nx/y[—1]- 
To conclude with the existence, we may now consider a general £. Choose a hermitian 
metric on the normal bundle Nx/y- Put £ = {Nx/y[— 1], f*^)- We define 

r(£) =T(f)+7 b [ch(J).fd m (T 7 -,iV x/y [-l])], (3.16) 

where Td m is the multiplicative Todd secondary class defined in ifTTl § 5]. It is straight- 
forward from the definition that T(£) satisfies the differential equation and is compatible 
with pull-back by morphisms transverse to /. We call T the extended theory. 

We now proceed to prove that the extended theory T is transitive and compatible with 
the projection formula. For the projection formula, it suffices by Remark |3.6|(ii)| to prove 

T(e®G)=T(0.ch(G) 

for G a hermitian vector bundle placed in degree 0. This readily follows from the inductive 
construction of the extended theory T and the assumptions on the initial theory T. One 
similarly establishes the transitivity and the additivity 

We conclude by observing that, since Lemma 12.51 implies that the equations (13.131) . 
(13.141) . (13.151) and (13.161) hold, the theory T(£) thus constructed for arbitrary £ is com- 
pletely determined by the values T(£ ), with £ of the form (Nx/y, F, E) where F is a 
hermitian vector bundle and E — y f*F is a finite locally free resolution. 

Once we have seen that any theory of singular Bott-Chern classes as in |[T9l can be 



uniquely extended, then statements |(ii)| and |(iii)| follow combining equation (7.3) and 
Corollary 9.43 in [fT9l . Note that the minus sign in equation (13.121 ) comes from the fact 
that S(T f ) = -S(N X /y)- □ 

In |[T9l §6] several anomaly formulas are proved. We now indicate the translation of 
these formulas to the current setting. Recall that we are using the notation of IfTTl with 
respect to secondary characteristic classes. 

Proposition 3.17. Let T be a theory of analytic torsion classes for closed immersions. 
Let £ = (/ : X — > Y, J 7 , /* J 7 ) be an embedded metrized complex. 

(i) IfjF is another choice of metric on T and £ x = (/: X — > Y, J- 1 ', f^T), then 

T(t 1 )=T(0+J,[ch(T\T)]. 



(ii) If f is another hermitian structure on f and £ 2 = (/ : X — y Y, J 7 , f+J 7 ), then 

T{1 2 ) = T(0+%[ch(T) • Td m (7',7)]- (3-18) 



(Hi) If f^J 7 is another choice of metric on f^T, and £ 3 = (/ : X — y Y, J 7 , f^T ), then 



T(Q=T(0-ch(f*-F',f*-F). 
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Proof. We first prove the second assertion. Let E — * Tf be a representative of the her- 
mitian structure on Tj. By [fTTl Thm. 3.13 (ii)], we may assume the hermitian structure on 
Ty is represented by the composition 



E® A A- E — > T f 



for some bounded acyclic complex A of hermitian vector bundles on X. For every smooth 
morphism g : Y' — > Y of complex varieties, consider the cartesian diagram ( 12.7b . We in- 
troduce the assignment that, to every such g and each bounded acyclic complex of hermi- 
tian vector bundles A on X', assigns the class 



<p{A) =T(g>*t)-T((f\g>*Tj+[A}),g'*T,g*JT) 

+ f\ [ch(^J)fd m ((g'*Tj+[J[\),g'*Tj) Td(g'*Tj + [A]) 

Here \A] stands for the class of A in KA(X') (Q/71 Def. 2.31]) and + denotes the action 

of KA(I') on D b (X') (flU Thm. 3.13]). Since tp satisfies the hypothesis of Lemma[231 
we have (p = 0. This concludes the proof of |(ii)| 



To prove |(i)| we observe that J- = T + [A] for some bounded acyclic complex A of 
hermitian vector bundles on X. For each cartesian diagram as (12.71 ), we set / = g*f. Let 
Ipi be the assignment that, to each such diagram and each bounded acyclic complex of 
hermitian vector bundles A on X', assigns the class 

UA) = T(g'*l) - T (/', g'*T + [A),g*Jj?) - j\fh(A)]. 

The hypothesis of Lemma [23] are satisfied, hence <p\ = 0. This concludes the proof of[(i) 



Finally, to prove |(IIi)j to each morphism g : Y' — > Y, transverse to /, we associate the 
cartesian diagram (12.71 ) and we consider the assignment p> 2 that, to each bounded acyclic 
complex of hermitian vector bundles B on Y', assigns the class 

p 2 (B) = T{g'*l) - T (/, g'*T, g*J^ + [5]) + ch(B). 

By Lemma [231 applied to idy, we have tp 2 = 0. This concludes the proof of|(iii)[ □ 



The following result provides a compatibility relation for analytic torsion classes for 
closed immersions with respect to distinguished triangles. The statement is valid for ad- 
ditive theories, in particular the ones we are concerned with. 

Proposition 3.19. Let T be an additive theory of analytic torsion classes for closed im- 
mersions. Let f ': X — >• Y be a closed immersion of smooth complex varieties. Consider 
distinguished triangles in D (X) and D (Y) respectively, 



(r) : 7 2 -> Fi -> Fo ->■ ^ 2 [1], (M : f*F 2 -> J*-? 7 ! -> /*.F ~> /^t 1 ]. 



and ?/ze relative hermitian complexes = (/, /*J r i ), i = 0, 1, 2. TTzen we /?ave: 



19 



Proof. We can assume that the distinguished triangles r and /*r can be represented by 
short exact sequences of complexes of hermitian vector bundles 

e : — > E 2 — >E t — > E — > 0, 
V : — >V 2 — vV x — > Vq — y 0. 

Applying the explicit construction at the beginning of the proof of lfT9l Theorem 2.3] to 
each row of the above exact sequences, we obtain exact sequences 

r : — > E\ — y E{ — y E\ — ► 0, 
P ■ — yVi — y V[ — ► V* — y 

over X x P 1 and FxP 1 respectively. The restriction of e l (respectively u l ) to X x {0} 
(respectively Y x {0}) agrees with e (respectively 17). Whereas the restriction to X x 
{oo} (respectively F x {oo}) is orthogonally split. The sequences e 1 and v % form exact 
sequences of complexes that we denote e and v. It is easy to verify that the restriction 
to X x {oo} (respectively Y x {oo}) are orthogonally split as sequences of complexes. 
Moreover, there are isomorphisms Vj —■* f*Ej, j = 0,1,2. We denote ^ — {fx 
idpi, Ej, Vj). Then, in the group p ^3b~ 1 (F, Nf,p), we have 

o^^/ pi ^io g «-.B-imS) 

= r&) - r(e © e 2 ) - ^ ^ log*? . E^- 1 )' ch (^) 

+ 2^ X "T l0g " • Et- 1 )^ x idpx)*(ch(^) • Td(J x idpi)) 

= - T(e © e 2 ) + ch(^) - /*(ch(r) Td(/)). 

Thus the result follows from the additivity. □ 

We end this chapter with the relation between the singular Bott-Chern classes of 
Bismut-Gillet-Soule [fT2| and the theory of homogeneous analytic torsion classes. We 
draw attention to the difference of normalizations. Let us momentarily denote by r the 
theory of singular Bott-Chern classes of Bismut-Gillet-Soule. By the anomaly formu- 
las, it may be extended to arbitrary embedded metrized complexes. Let £ = (/ : X — > 
Y, J 7 , /» J 7 ) be a relative metrized complex, with Y of dimension d. If r^ p ~ 1 ' p ~ 1 ' denotes 
the component of degree (p — 1, p — 1) of the current r, we define 

T BGSg ){ 2 P -l, P ) = _ _^_ T (P-1*-1) e AT^p). (3 .20) 

In the above equation, the factor (27rz)^~ 1 ^ comes from the difference in the normalization 
of characteristic classes. In [fT2l the authors use real valued classes while we use twisted 
coefficients. The factor (2%i) d comes from our convention about the Deligne complex of 
currents. The factor 2 comes from the fact that the second order differential operator that 
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appears in the Deligne complex is —2dd = 2{2ni)dd c , while the second order differential 
operator that appears in the differential equation considered by Bismut, Gillet and Soule 
is dd c . The main reason behind this change is that we want the Bott-Chern classes to be 
related to Beilinson's regulator and not to twice Beilinson's regulator (see 11271 Theorem 
3.5.4). Finally, the minus sign comes from the discrepancy of the differential equations 
of the singular Bott-Chern forms of Bismut-Gillet-Soule and the analytic torsion forms 
of Bismut-Kohler. Note that we are forced to change this sign because we want to merge 
singular Bott-Chern forms and analytic torsion forms on a single theory. We put 

T BGS (0 = J2T BGS (0^-^ g @V$-\Y,N f ,p). 
p>i p 

We have the following comparison theorem fl9l Thm. 9.25]. 
Theorem 3.21. For every embedded metrized complex £ we have 

T BGS (0 =T h (0- 

4 Regular coherent sheaves 

In this section we recall some properties of regular sheaves. Let X be a scheme and let 
P^ = F x (V) be the projective space of lines of the trivial bundle V of rank n + lonX. 
Let ii : F x — > X be the natural projection. By abuse of notation, if Q is a sheaf on X, we 
will denote also by Q the inverse image tt*Q. 

Definition 4.1 ( [[381 , Lecture 14). A quasi-coherent sheaf T on ¥ x is called regular if 
RH^i-q) = for all q > 0. 

Recall the following properties of regular sheaves (see 11391 ). 

(i) If Q is a quasi-coherent sheaf on X, then Q ® x Cp™ (k) is regular for k > 0. 

(ii) If the scheme X is noetherian and J 7 is a coherent sheaf on P^, then Serre's van- 
ishing theorem implies that for d large enough is regular. 

(iii) Let — > F 2 — > J^i — > J^o — > be an exact sequence of quasi-coherent sheaves on 
P^ and d be an integer. Then 

(a) if ^(d) and ^(d) are regular, then Fi(d) is regular; 

(b) if Ti{d + 1) and T\{6) are regular, then JF^d) is regular; 

(c) if J-'o(d) and JF\{d + 1) are regular and the map R°it*(Ti{d)) — > -R'V^.Fo^)) 
is surjective, then T?[d + 1) is regular. 

(iv) If J 7 is regular, then F(k) is regular for k > 0. 

(v) If J 7 is regular, then the canonical map i?°7r* T ® x Op™ — > J 7 is surjective. 
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Theorem 4.2 ( ||3"9l §8.1]). Let 7 be a regular quasi-coherent sheaf on ¥\. Then there 
exists a canonical resolution 

7can(^) : -»■ Gn{-n) -> G n -i(-n + 1) -> >Go^ 7 ^0 

where G% (i — 0, . . . ,n) are quasi-coherent sheaves on X. Moreover, for every k > 0, the 
sequence 

O^Gk^ G k -i <8> Sym 1 V y -> ► £ ® Sym fc V v -» R°Tr*(7(k)) -»• 

w exact. Hence the sheaves Gk are determined by 7 up to unique isomorphism. 

Corollary 4.3. Let X be a noetherian scheme and 7 a coherent sheaf on P^. Then, for d 
large enough, we have a resolution 

ld(7) ■ Gn(-n - d) -> n _i(-n - d + 1) ► ^o(-d) ^ -> 

where G%, i — 0, . . . ,n are coherent sheaves on X. 

Example 4.4. The sheaf 0(1) is regular. Its canonical resolution is 

-> A n+1 V v (-n) -> A n V v (-n + 1) -> ► AV V (-1) -»• V v -> 0(1) -> 0. 

Twisting this exact sequence by 0(— 1) we obtain the Koszul exact sequence 

->■ A n+1 K v (-n - 1) -> A n V v (-n) -> ► A 2 y v (-2) -> V v (-1) ^0^0, 

that we denote K. We will denote by K(k) its twist by 0(k). 

Theorem 4.5 ( 115011 ). (i) Let J 7 be a regular coherent sheaf on P^, and let ■y can (J r ) be 
the canonical resolution of J 7 as in Theorem \4.2\ Let 

Ei : -> 7 n+k (-n - k) -»■ >■ J'i(-l) ->■ J" -> J 7 ->■ 

Z?e an exact sequence of coherent sheaves, where the 7{ are sheaves on X. Then 
there exist natural surjective morphisms of sheaves 7i — > G% on X, < % < n 
making commutative the diagram 

7 n+1 (-n - 1) ^7 n (-n) » *7 »- 7 ^0 

Gn(-n) Go 7 0. 

(ii) Let 7 be a regular coherent sheaf on X, and ^ C[m (7) the canonical resolution. 
There exists a resolution of 7(1) of the form 

e 2 : -> S n+k (-n — k) -> > Si(-l) -> S J"(l) 

swc/z ?/zaf iSo ... , are coherent sheaves on X and the following diagram of 
exact sequences with surjective vertical arrows is commutative: 

S n+1 {-n-l) ^S n (-n) *S ^7(1) -0 

Gn{-n + 1) G (l) 7(1) 0. 
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Proof. We introduce the sheaves A/} and Kj defined as the kernels at each term of the 
sequences 7 can and S\, respectively. Hence, there are exact sequences 

Af j+1 (j + 1) g j+l A/}(j + 1)^0, 
->> /C i+ i(j + 1) -)• -)• /C,(j + 1) 0. 

With these notations, observe that All = /C_i = J 7 . By induction, starting from the left 
hand side of the long exact sequences, it is easily checked that A/} (j + 1) and /Cj ( j + 1 ) are 
regular sheaves, for j > — 1. Also, by Theorem 14.21 we find that Gj+i = 7r*(A/}(j + 1)) 
for j > —I. We next prove by induction that, for each k > — 1, there is a commutative 
diagram of exact sequences 

(4.6) 

V k +i H k+1 P k (l) 

IC k+1 (k + 1) T k+X JC k {k + 1) 

*A4+i(fc + 1) ^Qk+i >N k {k + l) -0 

0, 

where % k +i, T^k an d V k +i are defined as the kernels of the corresponding morphisms, and 
that V k (l) is regular. Assume that this is true for a fixed k > 1. In order to proceed with 
the induction, we need to prove: (a) the map JC k+ i(k + 2) — > J\[ k +\(k + 2) is surjective, 
(b) the sheaf V k+ i(l) is regular, and (c) there is an induced surjective map F k +2 — > Qk+2- 
We first prove (a). If we apply 7r* to the last two columns of diagram (14.61) . Observing 
that Q k+ \ and Hj+i are actually sheaves on X and recalling that }C k+1 (k + 2) is 

regular (so that R lr K*K, k+ i (k+ 1) = 0), we find a commutative diagram of exact sequences 

>■ "Hfc+i *~ Fk+i *- Qk+i *■ 

^7T»(P fc (l)) -7T*(/C fc (fc + 1)) ^7T*(A4(fc + l)) -0 



It follows that the map V. k+ i -» ir*(V k (l)) is a surjection. Since V k (l) is regular, we 
have that ^(^(1)) ® Cp« -» V k (l) is also a surjection. Thus the map H k+ \ — > V k (l) 
is surjective. The diagram (14.61) implies that the map }C k+ i(k + 1) — > M k+ \(k + 1) is also 
surjective. Twisting by 0(1), we obtain (a). 

Now the regularity of H k +i and V k (l), and the surjectivity of % k+ \ -» ix*{V k {Vj) 
ensure the regularity of V k+ i(l). In its turn, this shows that the sequence 

7r,(P fe+1 (l)) -)• it*{K k+1 {k + 2)) ->• it*{N k+x {k + 2)) -)■ (4.7) 
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is exact. Finally, we observe that there is a surjective map 

F k+2 ^*Tr*()C k+1 (k + 2)), (4.8) 
by the regularity of JC k+ 2{k + 3). From (14.71) and (14.81) . we obtain a surjection 

Fk+2 — »»ir m (fsfk+i(k + 2)) = g k+2 . 

This completes the proof of the inductive step. Note that the first step of the induction 
(k = —1) is part of the data. From the existence of the diagrams we deduce (i). 

To prove the second item we construct the resolution 5* inductively. We will denote 
by K k the kernel of any map S k (—k) — > S k ^i(—k + 1) already defined and by J\f k the 
successive kernels of the canonical resolution of T as in the proof of the first statement. 

Assume that we have constructed the sequence e 2 up to S k {—k) with the further con- 
ditions that )C k (k + 1) is regular and that there is an exact sequence 

-> V k (l) ->■ K k (k + 1) -> M k {k + 2) -> 

with "Pfe(l) regular. We have to show that we can extend the resolution one step satisfying 
the same conditions. Recall that we already know that N k {k + 1) is regular. We consider 
as well the surjection Q k+1 (l) — »-M k (k + 2). We form the fiber product 

T k+ i := Kei(JC k (k + 1) © g k+1 (l) A4(A; + 2)). 

Observe that T k+ i is regular, because both M k (k + 1), JC k (k + 1) © Q k +i(l) are regular 
and the morphism 

7T*(/c fe (£;) © g k+l ) — - g k+1 = 7r,(A4(fc + 1)) 

is surjective. So are the arrows Tk-\-\ — y ^/c+i(l) and Tk-\-\ — ^ fck(k ~\~ 1). Therefore, if we 
define S k+ i = 7r*(7fc+i), we have a commutative diagram of exact sequences 





Mi) 



o — -/c fc+1 (/c + r 



■Si 



fe+i 



•£*(*; + 1) -0 



■A4+i(A; + 2) 



■A4(A; + 2) 







0. 



where "H^+i and V k+ \ are defined as the kernels of the corresponding morphisms. Thus 
we have been able to extend the resolution one step further. We still need to show that this 
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extension satisfies the extra properties. We observe that, by the definition of S k +i and the 
left exactness of direct images, the map 7r*(«S fe+ i) — > 7r*(^ + i(l)) is surjective. Therefore 
is regular. Moreover, one can check that S k +i is the fiber product 



+1 — 



Ker (7r*(£ fc+1 (l)) © K*{K k {h + 1)) 7r*(N k (k + 2))) . 



This implies easily that ir*('Ht.+i) — 7r *(^'fc(l))- We also observe that, by definition of 
fiber product, V k (l) = Ker(7fc+i — > Q k+ \(l)). Since S k+1 surjects onto T k+ i, we deduce 
that the morphism T-Lk+i *Pk(X) l% surjective. From this we conclude that the morphism 
}Ck+i(k + 2) — > J\f k+ i(k + 3) is surjective and that the sheaf V k+ i(l) is regular. Since 
J\fk + i(k + 3) is regular, we deduce that lC k+ i(k + 2) is regular. Therefore S\\ +ao satisfies 
all the required properties, concluding the proof of |(ii)| □ 

We end this section recalling the notion of generating class of a triangulated category. 

Definition 4.9. Let D be a triangulated category. A generating class is a subclass C of 
D such that the smallest triangulated subcategory of D that contains C is equivalent to D 
via the inclusion. 

A well-known direct consequence of Theorem 14 .21 is the following result. 

Corollary 4.10. The class of objects of the form Q{k), with Q a coherent sheaf in X and 
—n < k < 0, is a generating class ofD h {¥\). 

5 Analytic torsion for projective spaces 

Let n be a non-negative integer, V the n + 1 dimensional vector space C n+1 and P n := 
F n (V) the projective space of lines in V. We write V for the vector space V together with 
the trivial metric. We will denote by V the trivial vector bundle of fiber V over any base. 

We may construct natural relative hermitian complexes that arise by considering the 
sheaves O(k), their cohomology and the Fubini-Study metric. If we endow the trivial 
sheaf with the trivial metric and 0{\) with the Fubini-Study metric, then the tangent 
bundle T n carries a quotient hermitian structure via the short exact sequence 



We will denote the resulting hermitian vector bundle by T n and call it the Fubini-Study 

metric of T n . The arrow (tt, T n ) in Sm,^ will be written 7f FS . We endow the invertible 
sheaves O(k) with the k-th tensor power of the Fubini-Study metric on 0(1). We refer to 
them by O(k). 

We now describe natural hermitian structures on the complexes 7r*C(A;). First assume 
k > 0. The sheaf O(k) is 7r-acyclic, hence 7r*0(k) = H°(P^, 0(k)) as a complex concen- 
trated in degree 0. This space is naturally equipped with the L 2 metric with respect to the 
Fubini-Study metric on O(k) and the volume form u = ci(0(l)) An /n\ on Pg. Namely, 
given global sections s, t of O(k), 



-)• Opn 0(1) 



n+1 



T n -»■ 0. 



(5.1) 
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If — n < k < 0, then 7r*0(fc) = and we put the trivial metric on it. Finally, let 
k < — n — 1. Then the cohomology of n*0(k) is concentrated in degree n and there is an 
isomorphism, 

7r*0(k) H°(P£, - n - l)) v [-n]. 

Notice that this isomorphism is canonical due to Grothendieck duality and to the natural 
identification u;pn = 0(—n — 1). Hence we may endow 7T*0(fc) with the dual of the L 2 
metric on H°(Pg, 0(-k - n - 1)). 

Notation 5.2. For every integer fc, we introduce the relative metrized complex 

Cn(k) = (7F FS ,0(kj,^0(kj). (5.3) 

If X is a smooth complex variety, we will also denote by ^ n (k) its pull-back to Let 
J 7 be a metrized coherent sheaf on X. Then we define J-'(k) and n^Fik) by the equality 

Uk) ®T = (7r FS ,T(k),^\k))- 

Definition 5.4. Let X be a complex smooth variety and tt: F\ — > X the projection. 
An analytic torsion class for the relative hermitian complex £ = (W , J 7 , 7r* J 7 ) is a class 
r? G ©p^ 2 ^ 1 ^^) such that 

d©^ = ^(Tr^J 7 ) - ^[^(J 7 )]. (5.5) 

The existence of this class is guaranteed by the Grothendieck-Riemann-Roch theorem, 
which implies that the two currents at the right hand side of equation (15.51) are cohomolo- 
gous. Since the map n is smooth, the analytic torsion class is the class of a smooth form. 

Definition 5.6. Let n be a non-negative integer. A theory of analytic torsion classes for 
projective spaces of dimension n is an assignment that, to each relative metrized complex 
£ = (¥ : P^ — > X, J 7 , ^J 7 ) of relative dimension n, assigns a class of differential forms 

T{I) e^v 2p -\x, P ), 

v 

satisfying the following properties. 

(i) (Differential equation) dx>T(£) = ch(7r*J 7 ) — 7f^[ch(J 7 )]. 

(ii) (Functoriality) Given a morphism / : Y — > X, we have T(/*£) = /*T(£). 

(iii) (Additivity and normalization) If £ x and £ 2 are relative metrized complexes on X, 

thenT(£ 1 ©£ 2 )=T(£ 1 )+T(£ 2 ). 

(iv) (Projection formula) For any hermitian vector bundle G on X, and any integer 

k e [-n, 0], we have T(£ n (A;) ® G) = T(£ n (k)) • ch(G). 

A theory of analytic torsion classes for projective spaces is an assignment as before, 
for all non-negative integers n. 
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Definition 5.7. Let T be a theory of analytic torsion classes for projective spaces of di- 
mension n. Fix as base space the point Spec C. The characteristic numbers of T are 

t n>k {T) := T(£ n (k)) E ^(SpecC, 1) = R, k G Z. (5.8) 

The numbers t nk (T), —n < k < will be called the main characteristic numbers of T. 

The central result of this section is the following classification theorem. 

Theorem 5.9. Let n be a non-negative integer and let i = (£ n ,fc)fe=-n,...,o be a family of 
arbitrary real numbers. Then there exists a unique theory T t of analytic torsion classes 
for projective spaces of dimension n, such that t nt k(T t ) = t n ^. 

Before proving Theorem |5.9[ we show some consequences of the definition of the ana- 
lytic torsion classes. First we state some anomaly formulas that determine the dependence 
of the analytic torsion classes with respect to different choices of metrics. 

Proposition 5.10. Let T be a theory of analytic torsion classes for projective spaces of 
dimension n. Let £ = (W : P x — > X, J 7 , tt^J 7 ) be a relative metrized complex. 

(i) IfJF is another choice of metric on T and ^ = (W : P^ —> X, J 7 ', tt^J 7 ), then 

T(^ 1 )=T(^)+W l> [ch(T',T)]. 



(ii) If it' is another hermitian structure on tt and £ 2 = (tt' : P x — > X, J 7 , tt^J 7 ), then 

T(Q = T(0+W,[ch(T) . Td m (vf',7f)]. (5.11) 

(Hi) IfTT^J 7 ' is another choice of metric on tt^T, and £ 3 = (W : P x — > X, J 7 , tt^J 7 '), then 

T(Q=T(0-ch(^T',^T). 

Proof. The proof is the same as the proof of Proposition [3J~7] □ 

Next we state the behavior of analytic torsion classes for projective spaces with respect 
to distinguished triangles. 

Proposition 5.12. Let T be a theory of analytic torsion classes for projective spaces 
of dimension n. Let X be a smooth complex variety and tt : P x — > X the projection. 

Consider distinguished triangles in D (Px) andD (X) respectively: 

(r) : J 7 2 -> -> J^o -> ^[l] and (tt~t) : tt*J z 2 -> -> Tt*Fo -> ^^[l]) 

and define relative metrized complexes = (W, J 7 *, 7r*.7-"j), i — 0, 1, 2. 77zen 

^(-l)^T(e,) = ch(Tf-T) - 7f b (ch(r)). 

j 

Proof. The proof is similar to that of |3.19[ □ 
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In view of this proposition, we see that the additivity axiom is equivalent to the appar- 
ently stronger statement of the next corollary. 

Corollary 5.13. With the assumptions of Proposition ^. 12\ iff and Jfyr are tightly distin- 
guished, then T(fO = T(f ) + T(f 2 ). 

Corollary 5.14. Let £ = (Tf , J 7 , 7r* J 7 ) &e a relative metrized complex and let = 
(7T, .F[z], 7r*.F[i]) be the shifted relative metrized complex. ThenT(^) = (— l) l T(£[i]). 

Proof. It is enough to treat the case i — 1. We consider the tightly distinguished triangle 

J 7 --• » cone (id j?) — - > — - > 

and the analogous triangle for direct images. Since cone(id^) and cone(id^— ^) are mea- 
ger, we have, by the anomaly formulas and the additivity axiom, 

T(W, cone(idjr), cone(id— 7?)) —T(W, 0,0) = 0. 

Hence, the result follows from Corollary 15 .131 □ 

Next we rewrite Proposition 15.121 in the language of complexes of metrized coherent 
sheaves. Let 

1 : -»■ J* m ->■ ■ ■ ■ -> J 7 / -»■ 

be a bounded complex of metrized coherent sheaves on P^ and assume that hermitian 

structures on the complexes it*JFj, j — I, . . . ,m are chosen. Let [e], [7f*e] G Ob D (P^) 
be the associated objects as in ifTTl Def. 3.37, Def. 3.39]. 

Corollary 5.15. With the above hypothesis, 

m 

T(7f, [el [w^e]) = 53(-l)'T(7f, Tj,^). 

3=1 

Moreover, if e is acyclic, then T(W, \e], [ir*e]) = ch(7f*e) — 7f|,[ch(e)]. 

Finally, we show that the projection formula holds in greater generality: 

Proposition 5.16. Let T be a theory of analytic torsion classes for projective spaces 
of dimension n. Let X be a smooth complex variety, let £ = (W, J 7 , 7T* J 7 ) be a relative 

metrized complex and let Q be an object in D (X). Then 

T(f <g>0)=T(f).ch(0). (5.17) 

Proof. By the anomaly formulas, if equation (15.171) holds for a particular choice of her- 
mitian structures on n, T and 7r* J 7 then it holds for any other choice. Moreover, if we are 
in the situation of Proposition l5 . 1 21 and equation (15.171) holds for two of £ , £ ls £ 2 , then it 
holds for the third. Using that the objects of the form H(k), where H is a coherent sheaf 
on X and k = — n, . . . , 0, constitute a generating class of D b (P^), we are reduced to 
prove that 

T(Uk)®G)=T(Uk))*ch(g). 
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for k = —n, . . . , 0. Now, if 

g 2 — -» g 1 g --->■ 

is a distinguished triangle in D b (X) and equation (15.171) is satisfied for two of Q2, Gi, 
Go, then it is satisfied also by the third. Therefore, since the complexes of vector bundles 
concentrated in a single degree constitute a generating class of D b (X), the projection 
formula axiom implies the proposition. □ 

Proof of Theorem [3TP] . To begin with, we prove the uniqueness assertion. Assume a the- 
ory of analytic torsion classes T, with main characteristic numbers t n ^, —n < k < 0, 
exists. Then, the anomaly formulas (Proposition 15.101 ) imply that, if T(W, J 7 , n^J 7 ) is 
known for a particular choice of hermitian structures on ir, T and ir* T then the value of 
T(w', J 7 , ^J 7 ) for any other choice of hermitian structures is fixed. By Proposition 15 .121 
if we know the value of T(w, J 7 , ^J 7 ), for J 7 in a generating class, then T is determined. 
By the projection formula (Proposition 15.161) . the characteristic numbers determine the 
values of T(£(k) <g> G), k = —n, . . . , 0. Finally, since by Corollary 14.101 the objects of 
the form G(k), k = —n, . . . , form a generating class, we deduce that the characteristic 
numbers determine the theory T. Thus, if it exists, the theory T t is unique. 

In particular, from the above discussion we see that the main characteristic numbers 
determine all the characteristic numbers. We now derive an explicit inductive formula for 
them. Consider the metrized Koszul resolution 

K : -+ k n+l V y (-n - 1) -)• ► A 1 F V (-1) P « -)• 0, (5.18) 

where O(k), for k ^ 0, has the Fubini-Study metric and has the trivial metric. 
We will denote by K(k) the above exact sequence twisted by O(k), k G Z, again with 
the Fubini-Study metric. Recall the definition of the relative metrized complexes £ n (fc) 
(I5.3I ). In particular, for every k, we have fixed natural hermitian structures on the objects 
7T*C(A; — j). According to IfTTl Def. 3.37, Def. 3.39], we may consider the classes \K{k)] 

and [n m K(k)\ in D b (P") and D b (Spec C), respectively. By Corollary EE1 for each k G Z 
we find 

n+l 

J2(-l) j T(L(k ~ 3) ® A^F V ) = ch(^K{k)) - W™fh(K(k))}. 

j=0 

Because A J V is isometric to with the trivial metric, the additivity axiom for the 

theory T and the definition of the characteristic numbers t n ^_j provide 

T(£ n {k-j)®A*V S ') = t n , k - j 

Therefore we derive 

J2(-iyr )^-i = ch(^(^))-7ff[ch(Z(A:))]. (5.19) 
3=0 V J / 
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This equation gives us an inductive formula for all the characteristic numbers t n ^ once 
we have fixed n + 1 consecutive characteristic numbers and, in particular, once we have 
fixed the main characteristic numbers. 

To prove the existence, we follow the proof of the uniqueness to obtain a formula 
for T(£). We start with the main characteristic numbers t = (t n ,fc)-n<fc<o- We define the 
characteristic numbers t n ^ for k E Z inductively using equation (I5.19I ). 

We will need the following results. 

Lemma 5.20. Let 

fj : ->■ J 7 2 -> Fi -> Fo -> 

be a short exact sequence of metrized coherent sheaves on X. Let k be an integer, and 
J-(k) and ir*J-(k) be as in Notation \5.2\ Thus we have an exact sequence fj(k) of metrized 
coherent sheaves on and a distinguished triangle Tr*r)(k). Then 

ch(^p)) = Tff (Mf}(k))). (5.21) 

Proof. By the Riemann-Roch theorem for the map — > Spec C we have 



ch(7r*0(A;)) = ir*(ch(0(k)) Td(7f FS )). (5.22) 

Hence, by the properties of Bott-Chern classes and the choice of metrics 

ch( 71%, //(£;)) = ch(r}) • ch.(Tr*0(k)) 

= dk(rj) • Tr«(ch(0(k)) Td(7f FS )) 

= tt* (dx(r}(k)) • Td(7f FS )) 

= 7ff(^(A;))). □ 

Lemma 5.23. Let 

-p. : M m {-m - d) -»■ >Mi(-l-d)^0 (5.24) 

be an exact sequence of metrized coherent sheaves on F x , where, for each i — I, . . . ,m, 
Aii is a metrized coherent sheaf on X, and Aii(k) is as in Notation \5.2\ On ir*M.i(k) we 
consider the hermitian structures given also by Notation \5.2\ Then 

m 

Yji-VX-d-i ch(M) = ch(7f^j) - 7f FS (ch(7l)). (5.25) 

i=l 
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Proof. We consider a commutative diagram of exact sequences 





V? ^MJr-m-d) 



fJ> ^M m (-m-d) 



0—»MJ-m-d) 



■Mti-l-d) — -0 
■Mi{-l-d) -0 

M"(-l-d) -0 





Claim. If equation (15.251) holds for two of /i, // and //', then it holds for the third. 
Proof of the claim. On the one hand we have 



m 

^ch(AT-) - ch(M) + ch(AT; 



^(-i)V^d^ch(ej. 



But, if t G 'D 1 (Spec C, 1) = R is a real number, in the group ® £> 2p p), we have 



t ch(^ 

On the other hand, by Lemma l5.20| 



ch(7T^') - Ch(7f^l) + ch(7T^") = < S (ch(7j')) - < S (ch(/i)) + < S (ch(/Z")). 

The proof of the lemma is done by induction on the length r = m — / of the complex. 
If r < n then n(d + I) has the same shape as the canonical resolution of the zero sheaf. 
By the uniqueness of the canonical resolution, we have M. * = 0, for i — I, . . . ,m. Using 
the above claim when Aii = has a non-trivial metric, we obtain the lemma for r < n. 

Assume now that r > n. Let K be the Koszul exact sequence (15.181) . Then K(l) ®Aii 



is the canonical resolution of the regular coherent sheaf By Theorem I4.5|(i)| there 

is a surjection of exact sequences \i — > K(—l — d) ®Aii whose kernel is an exact sequence 



H' : -> M' m 



-m 



d) ->■ ► M+iM - i - 1) -> 0. 



We consider on K the metrics of (15.181) . for i — I + 1, . . . , rra, we choose arbitrary metrics 
on and denote by /I' the corresponding exact sequence of metrized coherent sheaves. 

By induction hypothesis, ~p? satisfies equation (15.251) . Moreover, since the characteristic 
numbers t n ^ for k ^ [0, n] are defined using equation (15.191) , the exact sequence K (— / — 
d) ®Mi also satisfies equation (15.251) . Hence the lemma follows from the previous claim. 

□ 
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We now treat the case of complexes concentrated in a single degree. Let J 7 be a co- 
herent sheaf on with a hermitian structure and let ix^T be a choice of a hermitian 
structure on the direct image complex. Write £ = (7f FS , J 7 , it* J 7 ) for the corresponding 
relative metrized complex. 

Choose an integer d such that F(d) is regular. Then we have the resolution 7d(J r ) of 
Corollary 14. 31 More generally, let fi be an exact sequence of the form 

-»■ S m (—d — m) -> Sx(—d — 1) -> S (—d) -> T -> 0, 

where the Si, i = 0, . . . , m are coherent sheaves on X. Assume that we have chosen 
hermitian structures on the sheaves <Sj. Using Notation 15.21 and IfTTl Def. 3.37, Def. 3.39] 
we have objects \fl] in KA(P^) and [tjZJl] in KA(X). Then we write 

m 

T iA0 = J2(-iytnj-d<h(Sj) - c ~ h (^) + ^(ch (/I)) (5.26) 

3=0 

Lemma 5.27. Given any choice of metrics on the sheaves Qi, (respectively Q[) i = 
0, . . . , n, that appear in the resolution 7d(^ r ) (respectively 7^+1 (J 7 ) ), denote by 7 y d and 
7 d+1 the corresponding exact sequences of metrized coherent sheaves. Then 

In particular, (£) does not depend on the choice of metrics on the sheaves Qi. 

Proof. By Theorem 14. 5 |(ii)[ there is an exact sequence 

7i : S n+k (-n -k-d-l)-> ► S (-d - 1) -»• T -»• 0, (5.28) 

and a surjection of exact sequences / : 7i — >■ 7 d extending the identity on J 7 . Here <Sj, 
i = 0, . . . , n + k are coherent sheaves on X with hermitian structures. 

By Theorem 14 .5 |(i) | there is a surjection of exact sequences /J — > ld+i extending the 
identity on T, whose kernel is an exact sequence 

e : -> M n+k (-n - k - d - 1) ->■ ► M Q (-d - 1) ->■ 0, (5.29) 

where A4j, 2 = 0, . . . , n + are coherent sheaves on X, and we have chosen arbitrarily 
an hermitian structure on them. Denote by rj i the rows of the exact sequence 

-> e -> 7i -»■ 7 d+1 -> 0. 

Observe that ^ = 77^ ( — i — d — 1) for some short exact sequence rj^ on X. When j > n 
we denote Q 3 ■ — 0. Then, we have 

n+k 

^i-iytnj-d-l (ch(^) - Ch(^) + chCMj)) = 
j=0 

n+k 

J2(-l) j tn,3-d-i dv ch(r/0 = 0. (5.30) 
3=0 
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By jm Prop. 3.41], we have 



n+k 

ch(7r*7d+i) - ch(7f^l) + ch(W7e) = ch(7f^j), (5.31) 

3=0 
n+k 

ch(7, +1 ) - ch(/l) + ch(e) = ch^). (5.32) 

3=0 

Combining equations (15.301) . (15.311) and (15.321) and lemmas [5T201 and l5~2~3l we obtain 

T^(£)=T Wd+1 (£). (5.33) 

We consider now cone(/i, jd). On it we put the obvious hermitian structure induced by 
Jl and jj, cone(/i, 7^. On ir* cone(/i, 7^), we put the obvious family of hermitian metrics 
induced by 7f7*7i and iwy2, and denote it as 7T* cone(/x, 7^). By [JTVl Cor. 3.42] we have 

ch(cone(/x, 7 d )) = ch(7 d ) - ch(/l), (5.34) 
ch(7r* cone(/x, 7<j)) = ch(7f7yd) - ch(7f^Et). (5.35) 



Observe that cone(/x, 7^) = <S_i_i(z — d) © — d). Combining Lemma [5.231 for 

cone(/i, 7<j) with equations (15.341) and (15.351) . we obtain 

T^(£)=T t ,- d (0, (5.36) 

Together with equation (15.331) this proves the lemma. □ 

Now we are in position to prove the existence of T t . Let n and t be as in Theo- 
rem 15.91 We define the numbers t n ^, for k < and k > n by equation (I5.19I ). Let 
£ = (7f FS , J 7 , ^J 7 ) be a relative metrized complex. We construct T t (£) by induction on 
the length of the cohomology of T . If it has at most a single non zero coherent sheaf % 
sitting at degree j, then J 7 and 7T* T determine hermitian structures on H[— j] and iz*H[—j\ 
respectively. We choose an integer d such that 'H(d) is regular and we write 

T t (|) = (-iyT t , 7d(w) (7f FS ,W,^W). (5.37) 

By Lemma I5.27[ this does not depend on the choice of d nor on the choice of metrics 

Assume that we have defined the analytic torsion classes for all complexes whose 
cohomology has length less than / and that the cohomology of J 7 has length I. Let H be 
the highest cohomology sheaf of J 7 , say of degree j. Choose auxiliary hermitian structures 
on %[— j] and 7r*"H[— j]. There is a unique natural map %[— j] --- » T . Then we define 

T t (o = T t (w F ^nH]^*n-j]) 

+ T t (7T FS , cone (H \-j],T), cone(7r^ [-j], tt^F) ) . (5.38) 

It follows from IfTTl Thm. 2.27 (iv)] that the right hand side of this equality does not 
depend on the choice of the auxiliary hermitian structures. 
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Finally, we consider the case when it has a metric different from the Fubini-Study 

~ FS , J 7 , n^J 7 ). Then we put 



metric. Thus, let £ 



7T 



(it, J 7 , 7r* J 7 ) and write £ 
7K0 =T t (f) + 7f b [ch(F).Td r 



f7f,7f FS 



)]■ 



(5.39) 



Definition 5.40. Let n and t be as in Theorem 15 .91 Then T t is the assignment that to each 
relative metrized complex £ associates T t (£) given by equations (15.371) . (15.381) and (15.391) . 

It remains to prove that T f satisfies axioms (i) to (iv). Axiom (i) follows from the dif- 
ferential equations satisfied by the Bott-Chern classes. Axiom (ii) follows from the func- 
toriality of the canonical resolution, the Chern forms and the Bott-Chern classes. Axiom 
(iii) follows from the additivity of the canonical resolution and of the Chern character. Fi- 
nally Axiom (iv) follows from the multiplicativity of the Chern character. This concludes 
the proof of Theorem 15.91 □ 

We finish this section showing the compatibility of analytic torsion classes with the 
composition of projective bundles. Let X be a smooth complex variety. Consider the 
commutative diagram with cartesian square 

P^ 1 x P^ 2 




On 7Ti and 7r 2 we introduce arbitrary hermitian structures and on pi and p 2 the hermitian 
structures induced by the cartesian diagram. 

Proposition 5.41. Let J 7 be an object ofT> h (P^ 1 x P^ 2 ). Put arbitrary hermitian structures 
on (pi)^, (p 2 )*J r , andp+J 7 . Then 

T(tTi) + (vfiMTfo)) = T(W 2 ) + (W 2 ),(T(p 2 )), (5.42) 
where we are using the convention at the end of Definition 12. 6\ 

Proof. By the anomaly formulas (Proposition 15. 101) . if equation (15.421) holds for a partic- 
ular choice of hermitian structures on J 7 , (pi)* J 7 , (p 2 )*J : , and p* J 7 , then it holds for any 
other choice. Let 

J* 2 --■» T\ — » Jo 

be a distinguished triangle and put hermitian structures on the direct images as before. 
Then Proposition 15.121 implies that, if equation (15.421) holds for two of them, then it also 
holds for the third. Since the objects of the form Q(k, I) := p*Q ®p\0(k) ®p* 2 0(l) are a 
generating class of D b (P^ 1 x P^ 2 ) , the previous discussion shows that it is enough to prove 

the case T = Q(k,l), with the hermitian structure of T induced by a hermitian structure 
of Q and the Fubini-Study metric on 0(k) and 0(1), and the hermitian structures on the 
direct images defined as in (15.31) . In this case the result follows easily from the functoriality 
and the projection formula. □ 
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6 Compatible analytic torsion classes 



In this section we study the compatibility between analytic torsion classes for closed im- 
mersions and analytic torsion classes for projective spaces. It turns out that, once the 
compatibility between the diagonal embedding of P n into F n x P™ and the second projec- 
tion of P" x P n onto P" is established, then all the other possible compatibilities follow. 
Essentially this observation can be traced back to lfT5l . 

Let n, V, V and ¥ n (V) be as in the previous section. We consider the diagram 

pn pn ^ pn ; pn 

7T 

Spec C . 

On P n we have the tautological short exact sequence 

O(-l) ->■ V ->■ Q . 
This induces on P n x P n the exact sequence 

-> p* 2 0(-l) -> V ->■ p* 2 Q -> . 

By composition with the injection p\0[— 1) <^-> V, we obtain a morphism 1) — »■ 

p 2 Q, hence a section of p 2 Q ® p\0(V). The zero locus of this section is the image of the 
diagonal. Moreover, the associated Koszul complex is quasi-isomorphic to A*0pn- That 
is, the sequence 

— >■ A n {p* 2 Q v ) ®p\0^(-n) -+ . . . 

> A 1 (p* 2 Q v ) ®p;Pp»(-1) -> Cp»xp» -> A,C P n -)■ (6.1) 

is exact. 

On Tf. n and T P n xP n we consider the Fubini-Study metrics. We denote by A and p 2 
the morphisms of Sm*/ C determined by these metrics. As in ifTTl Ex. 5.7], we have that 
p~2~ o A = idpn, where = 0. The Fubini-Study metric on 0(—l) and the metric 

induced by the tautological exact sequence on Q induce a metric A' (A) on the Koszul 
complex. This is a hermitian structure on A*0pn. Finally on C P n we consider the trivial 
metric. This is a hermitian structure on (p 2 )*K(A). 

Fix a real additive genus S and denote by T5 the theory of analytic torsion classes 
for closed immersions that is compatible with the projection formula and transitive, as- 
sociated to S (Theorem 13.1 II) . Moreover, fix a family of real numbers t = {t n k \ n > 
0, — n < k < 0} and denote T t the theory of generalized analytic torsion classes for 
projective spaces associated to this family. 

Compatible analytic torsion classes for closed immersions and for projective spaces 
should combine to provide analytic torsion classes for arbitrary projective morphisms, and 
these classes should be transitive. The transitivity condition for the composition idpn = 
p 2 o A should give us 

= T(id P n, Opn, F n) = T t (^,K{A),0 F n) + fo) b (T s ( A , F n , K( A) ) ) . 

In general we define 
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Definition 6.2. The theories of analytic torsion classes T$ and T t are called compatible if 

T t (j%,K(A), P n) + (p 2 ) b (T 5 (A, P n,Z(A))) = 0. (6.3) 

Theorem 6.4. Lef S be a real additive genus. Then there exists a unique family of real 
numbers t = {t n ^ | ri > 0, — n < k < 0} such that the theories of analytic torsion 
classes T$ and T t are compatible. The theory T t will also be denoted T$. 

Proof. The first step is to make explicit equation (16.31 ) in terms of the main characteristic 
numbers t. To this end, first observe that, since the exact sequence 

— > T P2 — > T P n xP n — y p^Tpn — >• (6.5) 

is split and the hermitian metric on Tpn xP n is the orthogonal direct sum metric, p~2 = 
nl(if FS ). Next, we denote by K(A)i the component of degree i of the Koszul complex, 
and we define 

7 \ ,w A n J^p-, fori = 0, 
[0, forz>0. 

Finally using Corollary 15. 1 51 functoriality and the compatibility with the projection for- 
mula, we derive 

n 

= ^(-l) i T,(vr 1 t n (^)®A l Q V ) 

i=0 

n 

= ^(-i)X,-,ch(A 4 g v ). 

Thus, the second and last step is to solve the equation 

n 

^(-l) i t n ,_,ch(A i g V ) = -(p 2 )*(T s (A,0 P n,7f(A)) . Tdfja)). (6.6) 

i=0 

Since the left hand side of equation (16.61) is closed, in order to be able to solve this equation 
we have to show that the right hand side is also closed. We compute 

d v (p 2 )*(T s (A,0 Fn ,K(A)) «Td(ps)) 

= M* (^(-l) 4 ch(^(A) i )Td(p 2 ) - A*(ch(0p»)Td(A))Td(p 2 

\i=0 

= (ft). (^(-l)^(ch(A i g V )K(ch(0(-z)))Td(p 2 ) 

\i=0 

n 

= ^(-iych(A*Q V )(p 2 )* (rf(ch(S(-t)))Tdfo)) - 



i=0 
n 



^(-l) i ch(A i g (ch(0(-i)) Td(7f)) - 1 

i=0 

1-1 = 0. 
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In the first equality we have used the differential equation of Ts. In the second one we have 
used the definition of the Koszul complex, the equation ch(Cpn) = 1 and the fact that, by 
the choice of hermitian structures on T^- and Tp 2 we have Td(A) • A*(Td(p 2 )) = 1. The 
third equality is the projection formula and the fourth is base change for cohomology. For 
the last equality we have used equation (15.221) . 

Both sides of equation (16.61) are closed and defined up to boundaries, hence this is an 
equation in cohomology classes. The tautological exact sequence induces exact sequences 

->• A k Q v A k V v — >■ A k ^Q v ® 0(1) 0, 

that give us equations 

ch(A fe Q v ) = (™ + 1 V ch(A fe ~ 1 g v ) ch(0(l)). 

Hence 

ch(A fc Q v ) = X>l)^+^ ch(0(i))- 

Since the classes ch(<5(i)), i = 0, . . . , n, form a basis of p i/^(P n , R(p)), the same is 
true for the classes ch(A i Q v ), i = 0, . . . , n. Therefore, if li e ^(P n , K(l)) is the class 
represented by the constant function 1, the classes li»ch(A*<5 v ), i = 0, . . . , n form a basis 
of 0p=| _fT^f~ 1 (P n , R(p)). This implies that equation (16.61) has a unique solution. □ 

Remark 6.7. Given a theory T of analytic torsion classes for projective spaces, obtained 
from an arbitrary choice of characteristic numbers, in general, it does not exist an additive 
genus such that the associated theory of singular Bott-Chern classes is compatible with T. 
It would be interesting to characterize the collections of characteristic numbers that arise 
from Theorem 16.41 

By definition, compatible analytic torsion classes for closed immersions and projec- 
tive spaces satisfy a compatibility condition for the trivial vector bundle and the diagonal 
embedding. When adding the functoriality and the projection formula, we obtain compat- 
ibility relations for arbitrary sections of the trivial projective bundle and arbitrary objects. 

Let X be a smooth complex variety, let n : P^ — > X be the projective space over X 
and let s : X — > P^ be a section. Choose any hermitian structure on T n . Since we have an 
isomorphism T s — - » s*T w [— 1] , this hermitian structure induces a hermitian structure on s. 
Denote by 7r and s the corresponding morphisms in Sm*/c. With this choice of hermitian 
structures, we have 

7f os = (7ros,cone(s*T r [-l],s*T r [-l])) = (id x ,0), 

because the cone of the identity is meager. 

Proposition 6.8. Let S be a real additive genus. Let T s denote both, the theory of analytic 
torsion classes for closed immersions determined by S, and the theory of analytic torsion 
classes for projective spaces compatible with it. Let T be an object ofD (X). Put a 
hermitian structure on s* T. Then 

T S {W,^,T) +W b {T s {s,T,^)) = 0. (6.9) 



37 



Proof. By the anomaly formulas Proposition 13.171 and Proposition 15 .101 if equation (16.91) 
holds for a particular choice of hermitian structure on s^J 7 then it holds for any other 
choice. Therefore we can assume that the hermitian structure on s* T is given by K[s) ® 
ix* T, where K(s) is the Koszul complex associated to the section s. By the projection for- 
mulas, if ( 16.91) holds for the trivial bundle Ox then it holds for arbitrary objects of D (X). 

We now prove that, if equation (16.91 ) holds for a particular choice of hermitian structure 
7f , then it holds for any other choice. Thus, assume that equation (16.91) is satisfied for n and 
s. Let W' be another choice of hermitian structure on n and s' be the hermitian structure 
induced on s. On one hand, we have 



T s (f,K(s),O x ) = T s (7T,K(s),O x )+^ (ch(K(s) • Td^Tr) • Tdtf))) . (6.10) 
On the other hand, we have 

T s (s',T,7^)»Td(T') (6.11) 



T s (s,F, s.J0 + s»(Td m (s',s)Td(5')) • Td(vf) -d„(Td m (vf / ,7f) •Td(Tf')) 



T s (s, J 7 , s^F) • Td(7f) + s*(Td m (s\ s) Td(s')) • Td(r 



T s (s, J 7 , s^J 7 ) • dD(Td m (7r', it) • Td(7r')) 



In the group p D 2 ^\¥ x , N 8 , p) we have 



T S (S, J 7 , S*.F) • dx)(Td m (7T , 7r) • Td(7T )) 

= (ch(K(s)) - s,(Td(«))) • (fd m (7f',7f) «Td( 

Observe that, by the definition of the hermitian structure of s and s' we have 

Td(s) • s*Td m (W',W) = -fd m (s',s) • Td(s'). 
By combining equations (16.91 ), ( 16.101) , (16.121) and (16.131 ) we obtain 

-7T* (T s (s', J 7 , S^J 7 ) • Td(7f')) • 



(6.12) 

(6.13) 
(6.14) 



T s (7r', s^J 7 , J 7 ) 

We now prove (16.91) for a particular choice of hermitian structures. Let / : X — > P n 
denote the composition of s with the projection ¥ x — > F n . Then we have a commutative 
diagram with cartesian squares 



idx/ 




Let A and p 2 be as in Definition 16 .2[ On 7f and s we put the hermitian structures induced 
by A. Since the Koszul complex K(s) = (idpn xf)*K(A), by Proposition 12.151 and 
functoriality, equation (16.91) in this case follows from equation (I6.3I ). □ 
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We now study another compatibility between analytic torsion classes for closed im- 
mersions and projective spaces. Let i : X — > Y be a closed immersion of smooth complex 
varieties. Consider the cartesian square 



7T1 



X^^-Y 

Choose hermitian structures on n and i and put on n 1 and ii the induced ones. 

Proposition 6.15. Let S be a real additive genus. Let Ts denote both, the theory of an- 
alytic torsion classes for closed immersions determined by S, and the theory of analytic 
torsion classes for projective spaces compatible with it. Let J 7 be and object ofD (P^)- 
Put hermitian structures on (ni)^, (ii^J 7 and (ir o ixj^JF. Then 

T s (7f) +7f b (T 5 (zr)) = T S {T) +I b (T s (7fl)). (6.16) 

Proof. By the anomaly formulas, if equation (16.161) holds for a particular choice of metrics 
on (tti)^, (ii)*^ and (tt o Lij^F, then it holds for any choice. Because the sheaves 
G(k), with Q a coherent sheaf on X, constitute a generating class of D b (P^) and by 
propositions |3.19l and |5.12[ we reduce to the case when T is of the form Q(k). We choose 
arbitrary hermitian structures on Q and i*Q. Furthermore, we assume O(k), (n^^O^) 
and ir^O^k) endowed with the hermitian structures of Notation 15 .21 From these choices 
and the projection formula, the objects (ni)* J 7 , (ii)* J 7 and (ttoli)^ T automatically inherit 
hermitian structures. Indeed, it is enough to observe the natural isomorphisms 

(tti)..F^0® M*0(k) (6.17) 
® £0(k)) = ir*(t*g) <g> 0(k) (6.18) 

(TT O 7r*(7T%£ g) 0(A)) = L£ ® 7T*0(fc). (6.19) 

We now work out the left hand side of equation (16.161) . Using the projection formula for 
the theory Ts for projective spaces, and equations (I6.17l) - (|6.19l ), we find 

T s (T) = t n , k .ch(7^). (6.20) 

Using the functoriality of Ts for closed immersions and the projection formula we have 



T s (l 1 )=7r*T s (L,g,L,g)*ch(0(k)) 



MTs(h)) =T s (l, G, i*Q) • 7r*(ch(0(A;)) • Td(vf)). (6.21) 

Now for the right hand side of (16.161) . The projection formula for T s for closed immersions 
implies 

T s (l) = T s (t,g,Tg) • ch(^0(T)). (6.22) 
Similarly, we obtain T s (Wi) = t n ^ k • ch(£?), and hence 

7b(T s (7fi)) = *„,* • L*(ch(g) • Td(l)). (6.23) 
Using (|6.20b — (16.23b . the difference of the two sides of (16.161 ) becomes 

t n ,k • Ts(i, g, L*g) — T s (i, g, L*g) • d© t n> k = — &v{t n ^ • t s (l, g, l*g)) = o 

in the group ® P V 2 ^\Y, N t ,p). □ 
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7 Generalized analytic torsion classes 

In this section we will extend the definition of analytic torsion classes to arbitrary mor- 
phisms of smooth complex varieties. Our construction is based on the construction of 
analytic torsion classes by Zha in ||50"1 . 

Definition 7.1. A theory of generalized analytic torsion classes is an assignment that, to 
each morphism /: X — > Y in Sm*/c and relative metrized complex £ = (/, J 7 , f^J 7 ), 
assigns a class of currents 

n+l 

p=l 

satisfying the following properties: 

(i) (Differential equation) For any current r\ G T(£), we have 

d 2J 7 7 = ch(7^)-7 b [ch(7)]. (7.2) 

(ii) (Functoriality) If g : Y' — > Y is a morphism transverse to /, then 

<fT(£)=T(«7*£). 

(Additivity and normalization) If £ l5 £ 2 are relative metrized complexes on X, then 

T(Z 1 ®Z 2 )=T(Z 1 )+T(Q. 

(Projection formula) If £ is a relative metrized complex, and Q G Ob D b (F), then 

r(£®S) = T(£).ch(e). 

(v) (Transitivity) If / : X — > Y, g : Y — > Z are morphisms in Sm <( / C , and (/, J 7 , f^J 7 ) 
and (g, fxJ 7 , (g o /)* J 7 ) are relative metrized complexes, then 

T(goJ)=T(g)+g,(T(f)). (7.3) 

Propositions 17.41 and 17.61 below contain several anomaly and compatibility formulas 
satisfied by an arbitrary theory of generalized analytic torsion classes. They follow from 
properties |(T)] - |(iii)| and are analogous to those in propositions 13.171 and 15.101 13.191 and 
15 .121 respectively. The proofs are omitted, as they are similar to those of the analogous 
statements referred to hereinbefore. 

Proposition 7.4. Let T be a theory of generalized analytic torsion classes. Let £ = 
(/, J 7 , f*F) be a relative metrized complex. 

(i) If T is another choice of metric on J 7 and £ x = (/, J 7 , f*jF), then 

T(t 1 )=T(0+J,[ch(r,T)]. 
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(iii) 



(iv) 



(ii) Iff is another choice of hermitian structure on f and £ 2 = (/ , J 7 , /*7 r ), then 

T(Q = T(0 +%[ch(J) . Td m (7',7)]. (7.5) 

( Hi) If f^J 7 is a different choice of metric on /* T, and £ 3 = (/, J 7 , f*T ), then 

T(Q=T(0-ch(fJ?,JJ^). 

Proposition 7.6. Let T be a theory of generalized analytic torsion classes. Let f : X — >■ Y 
be a morphism in Sm*/c- Consider the distinguished triangles in D (X) and D (Y) 
respectively: 

(r) : JF 2 ->■ T\ -> -> ^[l], and (/*r) : /*.F 2 ->■ J*^ ->■ /*J" ->■ /*.F 2 [1], 
anJ relative metrized complexes £ 4 = (/, J-"j, f^J 7 ^), i — 0, 1, 2. we /zave: 

E = ch(Tvf) -7,(ch(r)). 

5=0,1,2 

The main result of this section is the following classification theorem. 

Theorem 7.7. Le? S be a real additive genus. Then there exists a unique theory of gener- 
alized analytic torsion classes that agrees with T s when restricted to the class of closed 
immersions. Moreover, ifT is a theory of generalized analytic torsion classes, then there 
exists a real additive genus S such that T = Ts. 

We will denote the theory associated to the additive genus S, whose existence is guar- 
anteed by the preceding theorem, by Tg. In particular, there is a unique theory of gener- 
alized analytic torsion classes that agrees with T h when restricted to the class of closed 
immersions. This theory will be called homogeneous. 

Proof. We first prove the uniqueness. Let T be a theory of analytic torsion classes that 
agrees with T s for the class of closed immersions. Since the restriction of T to projective 
spaces, by the transitivity axiom, is compatible with T s , by Theorem 16 .41 it also agrees 
with Ts- Finally, the transitivity axiom implies that T is determined by its values for 
closed immersions and projective spaces. 

We now prove the existence. For the moment, let Ts be the theory of analytic torsion 
classes for closed immersions and projective spaces determined by S. Let / : X — > Y be 
a morphism in Sm*/ C , and let £ = (/, J 7 , /* J 7 ) be a relative metrized complex. Since / is 
assumed to be projective, there is a factorization / = 7r o l, where i : X — > Py is a closed 
immersion and ix : P y — > Y is the projection. Choose auxiliary hermitian structures on i, 
n and t* T . Then we define 

T s (0 = T 5 (7f) + 7f b (T s (l))+7 b 

To simplify the notations, in the sequel we will also refer to it simply by T(£). The 
anomaly formulas easily imply that this definition does not depend on the choice of her- 
mitian structures on i, tt and T . We next show that this definition is independent of the 



<MT) • Td m (/,vr o 



(7.8) 
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factorization of /. Let / = iz\ o n = 7r 2 o l 2 be two different factorizations, being P n % 
the target of t i5 i = 1,2. Since equation (17.81) is independent of the choice of auxiliary 
hermitian structures, by IfTTl Lem. 5.12], we may assume that / = W i o Z 1 — W 2 o I 2 . 
We consider the commutative diagram with cartesian square 

x i X x P™ 2 P™ 1 x P™ 2 




where jxix) = (x, L2(x)), pi is the first projection and qi and k\ are defined by the carte- 
sian square. The hermitian structure of 7f 2 induces a hermitian structure on p\ that, in 
turn, induces a hermitian structure on q\. The hermitian structure of i\ induces a hermi- 
tian structure on k\ and the hermitian structure of t 2 induces one on j\. We will denote 
the corresponding morphisms of Sm*/c by p l5 g l5 fci and j 1 . We consider also the anal- 



ogous diagram obtained swapping 1 and 2. Finally, we write p 

j = ki o j 1 = k 2 o j 2 . Then we have 



ty i o p x = 7r 2 o p 2 and 



r(7f0 + (TfiMTOcO) 



T(7fi) + (7fl)b(T(l 1 )) 

T(7fi) + (7Fi)b_(T(Pi) ■ 
T(p)+p,(T(j)). 



■7b (rfo) + (?i)b(r(Ji))) 

(li)b(T(gi)))+^(^)b(r(J 1 )) 
(p 1 ) b (T(I 1 )))+p b (fc 1 ) b (T(J 1 )) 



Analogously, we obtain 



r(7f 2 ) + (7r a ) b (r(fc)) = T(p) +p b (T(j)). 

Hence T5 is well defined for all relative metrized complexes. 

It remains to prove that it satisfies the properties of a theory of analytic torsion classes. 
The properties \(J)\ to 
g: Y — > Z be morphisms in Sm f 



(iv)| are clear. We thus focus on property |(v)| Let / : X — > Y and 
We choose factorizations ofgof and g: 




pm 



z 




where the hermitian structures on p and f come from fixed hermitan structures on the tan- 
gent bundles Tpm and Tjp«, and the hermitian structures i and £ are obtained by using IfTTl 
Lem. 5.12]. We define (p : X — > P™ to be the morphism obtained from i by composing 
with the projection to . Then we see that the morphism j := (cp, f) : X — > Py is a 
closed immersion. Indeed, it is enough to realize that the composition 



(id,<?) 



P™ 
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agrees with the closed immersion i and that G 
can thus decompose / as 

X<- 



(id, g) is separated (since proper). We 




■PJf 



Y. 



Again, in this factorization the hermitian structure q comes from the previously fixed her- 
mitian structure on T P m and the hermitian structure j is obtained by using IfTTl Lem. 5.12]. 
Because go f = poi and by the very construction of T for arbitrary projective morphisms 
d7T8b . we have 

T(goJ)=T(p)+p,(T(i)). (7.9) 
We proceed to work on T(i). For this we write the commutative diagram 



X 




P™c 

G 
P™- 



pm 
ITpn 



id 



P^ 



We recall that G = (id, g) and k = (id, £). Below, G, k and ix will be endowed with the 
obvious hermitian structures. With these choices, we observe that i = Go j and G = W o k. 
Taking also into account the construction of T and the fact that T = T s is transitive for 
compositions of closed immersions, we find 

T(i) = T(W o ko j) = T(W) +7f b (T(fc)) + G»(T(j)) = T(G) +G,(T(j)). (7.10) 

Therefore, from equations (17.91) . (17.101) and the identity p^G\, = g b % we derive 

T(goJ) = T(p)+p b (T(G)) 

We claim that 

T(p)+p l ,(T(G))=T(g)+g b (nq))- 
Assuming this for a while, we combine (17.1 II) and (17.121) into 

T(goJ) = T(g)+g b (T(q) + %(T(]))) = T (g) + g b (T (f)) . 

Hence we are lead to prove (17.121) . For this we construct the commutative diagram with 
cartesian squares 



(7.11) 
(7.12) 

(7.13) 



q 



P« 



Z. 



Observe that G = r o £. Recall now Proposition l5 .4 1 1 and Proposition [6J~5] We then have 
the chain of equalities 

T(p)+p b (T(G)) = T(j>)+%(T(r) + n(T(£))) = T(f) +n(T(p) + p b (T(£)) 

= T (f) + n(T(I)+l(T(q))) = T(g)+g,(T(q)). 
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This proves the claim. 

The last assertion of the statement of the theorem follows from the uniqueness. □ 

Theorem 7.14. (i) Let T be a theory of generalized analytic torsion classes. Then 
there is a unique real additive genus S such that, for any relative metrized com- 
plex £ := (/, J 7 , f^J 7 ), we have 

T(0 - T h (0 = -Mch(T) • Td(7» • S(T f ) • It}. (7.15) 

( ii) Conversely, any real additive genus S defines, by means of equation (17.151 ), a unique 
theory of generalized analytic torsion classes Ts. 

Proof. We prove the first item, the second being immediate. Let S be the real additive 
genus corresponding to T, provided by Theorem 17.71 Then (17.151) holds for embedded 
metrized complexes. Because T and T h are both transitive, it suffices to show that (17.151) 
holds whenever / : ¥\ — y X is a trivial projective bundle. Observe T and T h satisfy the 
same anomaly formulas. Then, since the sheaves Q(k), k = —n, . . . , form a generating 
class for D b (P^-), and by the projection formula for T and T h , we easily reduce to the 
case £ = £(k). Let t n ^, k be the characteristic numbers of T, T h respectively. We have 
to establish the equality 

t n ,_ i -<_ i = -7r,(ch(0(-z))Td(7f) 1 S(T^)), z = -n,...,0. (7.16) 

This is an equation of real numbers. By functoriality, this equation is equivalent to the 
analogous equation in © p iT^f~ (Pji, M(p)), for the second projection p 2 : P^ x Pg — y P^ 
instead of n. Because the classes ch(A l Q v ) constitute a basis for © p if^ p_1 (P^, K(p)), 
(17.161) is equivalent to the equation in cohomology 

X)(-l) i (t Bi _ i -iJ i _ < )ch(A i 5 V ) = 

i 

- P2 „(£(-iy ch(plO(-i) ® A^Q V )Td(p 2 )S(T P J . 10- (7.17) 

i 

Recalling the exact sequence (16.11) . minus the right hand side of (17.171) becomes 

p 2 *(ch(A^0 Td(p 2 )S(Tp 2 ) • li) = 

p 2 ,(A,(ch(0 pn ) Td(A)) Td(p 2 ) 1 S(Tp 2 ) . 10 = S(T ¥n ) • U. 

On the other hand, using the compatibility condition (Definition l6.2l) . the left hand side of 
(17.171) can be equivalently written as 

T(p 2 , A^Opn, Opn) — T k (p 2j A*Opn, Ofn) = 

~ P2b(T(A, Opn, A.Opn) - T h (A, Opn, A*0pn)). (7.18) 

The genus 5 is additive, so in Deligne cohomology we have the relation 

S(T^) = S(Tpn) — A*S'(Tpn x pn) = 5 (Tpn) — A*P*5'(Tpn) — A*P 2 S(T]pn) = — S(Tpn). 

Hence, since the statement is known for closed immersions, the right hand side of (17.181 ) 
becomes 

P2,(A„(ch(0^) Td(T s )S(T s ) • 10 Td(jJ 2 )) = S(T pn ) • l v 
This concludes the proof. □ 
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8 Higher analytic torsion forms of Bismut and Kohler 



We now explain the relationship between the theory of analytic torsion forms of Bismut- 
Kohler lfT3l and the theory of generalized analytic torsion classes developed so far. 

Let 7r : X Y be a smooth projective morphism (a projective submersion) of smooth 
complex varieties. Let cu be a closed (1, l)-form on X that induces a Kahler metric on 
the fibers of ix. Then (tt, cu) is called a Kahler fibration. The form to defines a hermitian 
structure on T n , and we will abusively write W = (ir, to) for the corresponding morphism 
in Sm„/c. 

Let F be a hermitian vector bundle on X such that for every i > 0, R l ir*F is locally 
free. We consider on i?V*F the L 2 metric obtained using Hodge theory on the fibers of 
7r. Using |[T7l Def. 3.47] we obtain a hermitian structure on ir*F, denoted by ti^F \i. Then 
£ = (W, F, n^F L 2) is a relative metrized complex. The relative metrized complexes that 
arise in this way will be said to be Kahler. 

In the paper [13], Bismut and Kohler associate to every Kahler relative metrized com- 
plex £ a differential form, that we temporarily denote by r(£). Since in [13] the authors 
use real valued characteristic classes, while we use characteristic classes in the Deligne 
complex, we have to change the normalization of this form. To this end, if 7-(£)( p-1 ' p-1 ) is 
the component of degree (p — 1, p — 1) of r(£), then we put 

T BK02 P -i, P ) = l^y-i^cp-ij,-!)] e j?P-^YSiP). 

We recall that [•] converts differential forms into currents according with the conventions 
in lfT9l §1] (compare with equation (13.201) ). We define 

T BK (Ji) = y^T BK (£) ( - 2p ~ 1 > p \ 
p>i 

The first main result of lfT3l is that this class satisfies the differential equation 

d v T BK (0 = ch(^F L2 ) - vf b [ch(F)]. 

Thus, T BK (£) is an example of analytic torsion class. 

Let now cu' be another closed (1, l)-form on X that induces a Kahler metric on the 
fibers of n. We denote W' = (n, to'). Let F be the vector bundle F with another choice of 
metric and define 7r*F L 2 to be the object 7r*F with the L 2 metric induced by cu' and F . 
We write £ for the Kahler relative metrized complex (n 1 , F , 7t*F' l2 ). 

The second main result of |fT3l is the following anomaly formula. 

Theorem 8.1 ( lfT3l Theorem 3.10). The following formula holds: 

ch(F)*fd m (w',W)-ch(F,F') . 

In the book 0, Bismut studies the compatibility of higher analytic torsion forms with 
complex immersions. Before stating his result we have to recall the definition of the R- 
genus of Gillet and Soule ||29l . It is the additive genus attached to the power series 

R(x) = £ U'(-m) + (l + I + • ■ ■ + I) C(-m)) ^. (8.2) 

m odd ^ ' 

m>l 



T BK { ^ _ T BK {0 = ch(7r ^ L2! ^ F ' l2) + % 
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Let Xlij/2 be the theory of analytic torsion classes for closed immersions associated 
to =±R. 

Remark 8.3. The fact that we obtain the additive genus —R/2 instead of R is due to 
two facts. The signs comes from the minus sign in equation (13.121 ), while the factor 1 /2 
comes from the difference of the normalization of Green forms used in this paper and the 
one used in [|27l . Note however that the arithmetic intersection numbers computed using 
both normalizations agree, because the definition of arithmetic degree in ||27l §3.4.3] has 
a factor 1/2 while the definition of arithmetic degree in |fT8l (6.24)] does not. 

Consider a commutative diagram of smooth complex varieties 



Z 



where / and g are projective submersions and i is a closed immersion. Let F be a hermi- 
tian vector bundle on X such that the sheaves R % f*F are locally free and let 

E n > E Q ->■ l*F ->• 

be a resolution of l*F by hermitian vector bundles. We assume that for all i,j, R l g*Ej is 
locally free. We will denote by E the complex E n —>■•■■—>■ E . Let cu x and cu Y be closed 
(1,1) forms that define a structure of Kahler fibration on / and g respectively. As before 
we write / = (/, cu x ) and g = (g, cu Y ). The exact sequence 

— »• T f — > f*T g — > N x/Y — > 

induces a hermitian structure on N x /y- We will denote I the inclusion i with this hermi- 
tian structure. Finally we denote by f*F E the hermitian structure on f*F induced by the 
hermitian structures g*Ej L2 , j — 0, . . . , n. 

Then, adapted to our language, the main result of [3] can be stated as follows. 

Theorem 8.4 (|[3l Theorems 0.1 and 0.2). The following equation holds in the group 

n 

T BK (f,F,W L2 ) = Y,{-^T BK {g^hE jL2 ) 

3=0 



+ %{T- R ,2{h F, E)) + ch{UF El UF L2 ). 

We can particularize the previous result to the case when F — 0. Then E and g*E are 
acyclic objects. The hermitian structures of Ej and g*Ej L2 induce hermitian structures on 
them. We denote these hermitian structures as E and g*E L2 . 

Corollary 8.5. Let E be a bounded acyclic complex of hermitian vector bundles on Y 
such that the direct images R % g*Ej are locally free on Z. Then 

n 

J2(-iyT BK (g,E-,g-E] L2 ) = di(g~E L2 ) - g h (dk(E)) 

3=0 

in ffiV^iZAp). 
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We will also need a particular case of functoriality and projection formula for the 
higher analytic torsion forms of Bismut-Kohler proved by Rossler [|43l . 

The relative metrized complexes £ n (k) of Notation 15.21 are Kahler. Therefore we can 
apply the construction of Bismut-Kohler to them. We denote 

<f = T BK (Uk))- (8-6) 

By Corollary 18 .51 the numbers t B % satisfy the relation (I5.19I ). Hence they are determined 
by the main characteristic numbers for — n < k < 0. 

Theorem 8.7 (031 Lemma 7.15). Let ir: P^ — >■ X be a trivial projective bundle. Let G 
be a hermitian vector bundle on X. Then 

T BK (Uk)®G) = t B n K k . C h(G). 

Proof. In ||43l this result is proved for k 3> 0. Using Corollary 18 .5 1 and the Koszul resolu- 
tion (15.181) one can extend the result to all k G Z. □ 

We have all the ingredients we need to prove the main result of this section. 

Theorem 8.8. Let T_ R / 2 be the theory of generalized analytic torsion classes associated 
to the additive genus ^R- Then, for every Kahler relative metrized complex £, we have 

T BK (0=T_ R/2 (0. 

In particular T_ R / 2 extends the construction of Bismut-Kohler to arbitrary projective 
morphisms of smooth complex varieties and arbitrary smooth metrics. 

Proof. Let t BK = {t B £ \ n > 0, -n < k < 0} and let T tBK be the theory of analytic 
torsion classes for projective spaces associated to it. Let ir : — > X be a relative projec- 
tive space and let £ = (w, E, ix*E L 2) be a Kahler relative metrized complex. By choosing 
d > we may assume that all the coherent sheaves of the resolution jd{E) of Corollary 
I4.3l are locally free. Using theorems l8.7l and [8TT1 Proposition l5.10l and corollaries 15.1 51 and 
|8.5| we obtain that 

T BK (0=T tBK (0. 

By Theorem l8.4[ the theories T { bk and T_ R / 2 are compatible in the sense of Definition 
16.21 Therefore, T BK = T_ R / 2 when restricted to projective spaces. 

Finally, by factoring a smooth projective morphism as a closed immersion followed 
by the projection of a relative projective space, Theorem 18.41 implies that T BK = T_ R / 2 
for all smooth projective morphisms. □ 

Remark 8.9. (i) The construction of Bismut-Kohler applies to a wider class of vari- 
eties and morphisms: complex analytic manifolds and proper Kahler submersions. 
However for the comparison we have to restrict to smooth algebraic varieties and 
smooth projective morphisms. 

(ii) The results of Bismut and his coworkers are more precise. Here the class T BK (^) is 
well defined up to the image of dx>. In contrast, the higher analytic torsion form of 
Bismut and Kohler is a well defined differential form, local on the base and whose 
class modulo d v agrees with T BK (£). 
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As a consequence of Theorem 18 .81 we obtain the following results that, although they 
should follow from the definition of higher analytic torsion classes, we have not been able 
to find them explicitly in the literature. 

Corollary 8.10. Let f : X — > Y be a smooth projective morphism of smooth complex 
varieties, and let £ = (/, E, f*E L2 ) be a Kahler relative metrized complex. 

(i) Let g: Y' — > Y be a morphism of smooth complex varieties. Then 

T BK {g*l)=g*T BK {l). 

( ii) Let G be a hermitian vector bundle on Y. Then 

T BK (£ ® G) = T BK (0 • ch(G). 

The last consequence we want to discuss generalizes results already proved by Ber- 
thomieu-Bismut 0~l Thm 3.1] and Ma (35J Thm. 0.1], (361 Thm. 0.1]. However we note 
that while we stay within the algebraic category and work with projective morphisms, 
these authors deal with proper Kahler holomorphic submersions of complex manifolds. 
Let g: X — > Y and h : Y — > Z be morphisms in the category Sm*/ C , such that the com- 
position / = h o g is a smooth morphism. We choose a structure of Kahler fibration on /, 
that we denote / . Let E be a hermitian vector bundle on X and assume that the higher 
direct images K 1 f*E are locally free. Then we may consider the analytic torsion T BK (f ) 
attached to the Kahler relative metrized complex (/ , E, f*E L2 ). Also, we choose an aux- 
iliary hermitian structure on g*E. We can consider the torsion classes T R / 2 (g) and T R / 2 (h) 
of the relative metrized complexes (g, E, g*E) and (h, g^E, f*E L 2). 

We make the following additional assumption in some particular situations: 

(*) The morphisms g and h are Kahler fibrations, the higher direct images R l g*E and 
R?h*R t g if E are locally free and the auxiliary hermitian structure on g*E is the L 2 
hermitian structure. 

When the hypothesis (*) is satisfied we denote by h^g^E^ the L 2 hermitian structure 
attached to the Kahler structure on h and the L 2 metric on g*E L2 . Observe that this last 
structure may differ from the L 2 structure on f*E L2 . In this situation we can consider the 
torsion classes T BK (g) and T BK (h ) attached to (g, E, g*E L2 ) and (h, g*E L2 , h*g*E L2 ). 
By Proposition l5.10l we have the relation 

T BK (h) = T R/2 (h) - ch(h~gZE L2 ,^E L2 ). 

The properties of the generalized analytic torsion classes imply immediately: 

Corollary 8.11. Under these assumptions, we have the equality 

T BK (f) = T_ R/2 {h) + h(T_ R/2 (g)) +%(ch(E) .Td m (/,/)). 

If in addition the hypothesis (*) is satisfied, then we have 

T BK (f) = T BK {t) + h{T BK {g)) +l[{di(E) . fd m (j',7)) + ch(Kg-E L2 ,J^ L2 ). 

Since T_ R / 2 extends the theory of analytic torsion classes T BK , we will denote T_ R / 2 
by T BK for arbitrary relative metrized complexes. 
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9 Grothendieck duality and analytic torsion 

We will study now the compatibility of the analytic torsion with Grothendieck duality. 
Definition 9.1. Let T = (J 7 , E — -> F) be an object of D h (X). Then the rank of T is 

rk(7) = ^(-l)Mim(^). 

i 

This is just the Euler characteristic of the complex. The determinant of T is the complex 

det(7) = (g) (A dimi?i r) ( " ir [-rk(J)]. 

It consists of a single line bundle concentrated in degree rk(J r ). 

Definition 9.2. Let /: X — > Y be a morphism in Sm,/ C of relative dimension e. The 
metrized dualizing complex, is the complex given by 

ujj= (detT 7 ) v . 

This complex is concentrated in degree — e. The underlying object of D b (X) will be 
denoted by u?/. If we are interested in the dualizing sheaf as a sheaf and not as an element 
of D b (X) we will denote it by cuj or ujx/y- Finally, if Y = SpecC, we will denote u>/ 
(respectively uoj) by uj x (respectively u x ). 

Definition 9.3. Let £>*(*) be the Deligne complex associated to a Dolbeault complex. 
The sign operator is 

a: £>*(*) — ► £>*(*), w G £> n (p) ^ a(w) = 

The sign operator satisfies the following compatibilities. 

Proposition 9.4. (i) Let (T>*(*), dx>) be a Deligne algebra. Then the sign operator is 
a morphism of differential algebras. That is 

dj) ° o = a o dx>, cr(uj m rj) — cr(u) • (j{rj). 

(ii) Let J 7 be an object ofT)(X). Then the following equalities are satisfied 

ach(T) = ch(7 V ), (9.5) 
ach(det(7)) = ch(det(7) v ) = ch(det(^)) _1 , (9.6) 
aTd(T) = (-l) rk ^) Td{T) • ch(det(J) v . (9.7) 

Proof. The first statement is clear because if oj G V n (p) and rj G V m (q) then d© G 
pn+i(p) and cu • rj E V n+m (p + q). 
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For the second statement, let E — > T be the hermitian structure of T . Write 

= 03?, F = 0f. 



i odd 



Since this statement is local on X, we can chose trivializations of E and E over an 
open subset U. Let H + and be the matrices of the hermitian metrics on E and E . 
The curvature matrices of E + and E , whose entries are elements of V 2 (U, 1), are 

K± = K+(T) = -d{H±y x dH±. 

The characteristic forms can be computed from the curvature matrix: 

ch(T) = tr(exp(K + )) - tr(exp(Zf-)), 

ch(det(7)) = (-l) rk ^) det(exp(i^ + )) • det(exp(K-))- 1 , 

— / K + \ ( K~ 
Td(.F) = det — — • det 



l-exp{-K+)J \l-exp(-K- 

The sign in the second equation comes from the fact that det (J 7 ) is concentrated in degree 
rk(J r ). Therefore, since a^K^) = —K^ = K ± (J rV ), we have 

ach(T) = ati(exp(K + )) - a tr(exp(A" - )) 

= tr(exp(A+(J V ))) - tr(exp(^-(7 V ))) = ch(J V ), 

ach(det(J)) = det(exp(-A + )) • det(exp(-A'~))~ 1 = ch(det(7))^ 1 , 

— / -K+ \ ( -A 

aTd(T) = det — — • det 



exp(A+) J \1 — exp(A~ 

det (r^=7fT))-«(-p(-^ + )) 

Td(JP) •ch(det(J r ))" 1 . 



□ 



Corollary 9.8. Let [E] e KA(X). Then ch(A ) = crch(A). 

Proof. Due to Proposition 19.41 the assignment sending [E] to ach(E) satisfies the char- 
acterizing properties of ch. □ 

In the particular case of a projective morphism between smooth complex varieties or, 
more generally, smooth varieties over a field, Grothendieck duality takes a very simple 
form (see for instance [|32l §3.4] and the references therein). If T is an object of D b (X) 
and / : X — > Y is a projective morphism of smooth complex varieties, then there is a 
natural functorial isomorphism 

UF y ®u: f ) = {f^)\ (9.9) 

The compatibility between analytic torsion and Grothendieck duality is given by the 
following result. 
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Theorem Definition 9.10. Let T be a theory of generalized analytic torsion classes. Then 
the assignment that, to a relative metrized complex £ = (/, J 7 , /* J 7 ), associates the class 



T w (Q=aT(f,F v ®Uj,f,F ) 
w a theory of generalized analytic torsion classes that we call the theory dual to T. 



Proof We have to show that, if T satisfies the conditions of Definition l7.il then the same 
is true for T v . We start with the differential equation. Let e be the relative dimension of /. 



dx>T v (0 =d v aT(f,F ®u>jJ*F 



ach(f*jr ) - af* ch(r ® u 7 ) • Td(/) 



= ch(f*T) - (-1)7* <Tch(T ) • o-(ch(det(T 7 ) v ) • Td(Tj)) 

= ch(/^)-A[ch(j)«Td(7)] 

The functoriality and the additivity are clear. We next check the projection formula. Let 
Q be an object of D (Y) . Then 



T v (£®£) = aT{f,r ® f*G ®u> 7 ,f*F ®e 



T v (£).ch(S). 



Finally we check the transitivity. Let g : Y — > Z be another morphism in Sm,/ C . By the 
definition of g o / we have u)g j = f*w-g ® ujj. Therefore, 



U (^ v ® u gof ) = /, (^ v ® ® 



On /* (J rV ® w ff0 /) we put the hermitian structure of /* J 7 Cg> Then we have 



+ <7<7„(T(/, -F V ® u> 7 , /,J- V ) • ch(^) . Td(£)) 
= T\g)+g b T^J). 

Therefore, T v satisfies also the transitivity property. Hence it is a generalized theory of 
analytic torsion classes. □ 

Definition 9.11. A theory of generalized analytic torsion classes T is called self-dual 
when T v = T. 
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We want to characterize the self-dual theories of generalized analytic torsion classes. 

Theorem 9.12. The homogeneous theory of generalized analytic torsion classes is self- 
dual. 

Proof. By the uniqueness of the homogeneous theory, it is enough to prove that, if T is 
homogeneous then T v is homogeneous. Let X be a smooth complex variety and let N be 
a hermitian vector bundle of rank r on X. Put P = F(N © 1) and let s : X — > P be the 
zero section and ir : P — y X the projection. Let Q be the tautological quotient bundle with 
the induced metric and K(s) the Koszul resolution associated to the section s. Since the 
normal bundle N x /p can be identified with N, on the map s we can consider the hermitian 
structure given by the hermitian metric on N. Then det Q is a complex concentrated in 
degree r. Moreover 

s*det~Q = detN = Wy. 

The Koszul resolution satisfies the duality property K(s) v = K(s) (g) det Q. The theory 
T is homogeneous if and only if the class 

T(s,O x ,K(s))*Td(Q) 

is homogeneous of bidegree (2r — 1, r) in the Deligne complex. Then 

T v (s, O x ,K(s)) • Td(Q) = aT{8^K{ 8 y) • Td(Q) 

= aT(s, s* det Q, K(s) © det Q) • Td(Q) 
= a{T{s,O x ,K{s)) • ch(detQ)) • Td(Q) 
= aT(s,O x ,K(s)) •ch(detg V ) • Td(Q) 
= (-l) r a(T(s,O x ,K(s))*Td(Q)) 

is homogeneous of bidegree (2r — 1, r) in the Deligne complex. □ 
Proposition 9.13. Let 

oo 

S( x ) = J2 a nx n e R[[x}} 

n=0 

be a power series in one variable with real coefficients. Denote by S the corresponding 
real additive genus and by T$ the associated theory of analytic torsion classes. Then the 
dual theory Tg has corresponding real additive genus S a (x) := —S(—x). 

Proof. Let £ = (/, J 7 , f*JF) be a relative metrized complex. If e is the relative dimen- 
sion of /, then we have cr/* = (— l) e f*a. Then the proposition readily follows from the 
definition of T<f, the self-duality of T h and Proposition|931 □ 

We can now characterize the self-dual theories of analytic torsion classes. 

Corollary 9.14. The theory of analytic torsion classes T s attached to the real additive 
genus S(x) = J2 n >o a nX n is self-dual if and only ifa n = Ofor n even. 

Proof. By the proposition, Tg = Tg*, hence T is self-dual if, and only if, S a = S. The 
corollary follows. □ 
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In particular we recover the following fact, which is well known if we restrict to Kahler 
relative metrized complexes. 

Corollary 9.15. The theory of analytic torsion classes of Bismut-Kdhler T BK is self-dual. 

Proof. We just remark that the even coefficients of the i?-genus vanish (18.21) . □ 

We now elaborate on an intimate relation between self-duality phenomena and the an- 
alytic torsion of de Rham complexes. Let / : X — > Y be a smooth projective morphism 
of smooth algebraic varieties, of relative dimension e. Let Tx/y denote the vertical tan- 
gent bundle, endowed with a hermitian metric. Write / for the corresponding morphism 
in Sm f /c. On the locally free sheaves £I p x /y = ^ p ^x/y we put the induced hermitian 
structures. The metrized de Rham complex is 

„ 7=r n2 O^e 

^x/y "x/y ~~ ^ ^ 

with differentials. In fact, we are really considering the de Rham graded sheaf and con- 
verting it into a complex in a trivial way. We refer to the corresponding object of D (X) 
by £l'x/Y (El Def. 3.37]). The individual terms T^ x /y Wli l be considered as complexes 
concentrated in degree p. We then obviously have: 

Lemma 9.16. The objects (Q x /y) V ® an d ^'x/y are tightly isomorphic. 

For every p, q, the cohomology sheaf R q f<Sl x /Y ls l° cai ly f ree > because the Hodge 
numbers h p,q of the fibers of / (which are projective, hence Kahler) are known to be 
locally constant. Every stalk of this sheaf is endowed with the usual L 2 metric of Hodge 
theory. This family of L 2 metrics on R q f*VL p x j Y glue into a smooth metric. Because the 
Hodge star operators * act by isometries, it is easily shown that Serre duality becomes an 
isometry for the L 2 structures: the isomorphism 

{R q us? x/Y y ^ R e -*u{{n x/Y y ® w/ ) = R e ~ q f*n e x/ p Y 

preserves the L 2 hermitian structures. For every p, let f*£l x , Y denote the object of Y) h (Y) 
with the metric induced by the L 2 metrics on its cohomology pieces ([17, Def. 3.47]). 
Here /* stands for the derived direct image. By IfTTl Prop. 3.48], Grothendieck duality 



is a tight isomorphism. Finally, let be the object of D (Y) provided by IfTTl 

Def. 3.39]. The next lemma follows easily from the construction of [fT71 Def. 3.39]. 

Lemma 9.17. Grothendieck duality defines a tight isomorphism in T) h (Y) 

Lf*^x/y] = t/*^x/y]P e ]- 

Theorem 9.18. Let T be a theory of analytic torsion classes. The following assertions 
are equivalent: 
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( i) the theory T is self-dual; 



(ii) for every f, Tf, &* X / Y an d [fS^ x i Y ] as a ^ ove and for every odd integer p > 1, 

the part ofbidegree (2p — l,p) (in the Deligne complex) ofT(f, £l x / Y , [/*^V/yD 
vanishes. 

Proof. Assume first of all that T is self-dual. We apply the definition of T v , the self- 
duality assumption and lemmas |9.16| and 19.171 We find the equality 

T(f,TT x/Y , im^}) = aT(f,fi x/Y [2e], l~m^\[2e]) 

= (-i) 2 vT(7,n^ /y ,[^^:]) 

= aT(f, T? x/Y , [f*M x/Y ]). 

The sign operator a changes the sign of the components ofbidegree (2p — 1, p) for odd p. 
Hence T(f,Q x/Y , [7J^}) {2p ~ 1>p) vanishes forp > 1 odd. 

For the converse implication, let S(x) = J2 n >o a nX n be the real additive genus at- 
tached to T via Theorem 17. 141 By Corollary 19.141 we have to show that the coefficients 
a n with n even vanish. Let us look at a smooth morphism / : X — > Y of relative dimen- 
sion 1, with an arbitrary metric on Tf. Then, developing the power series of ch and Td 
and taking into account that Q X / Y = Tj = u x / Y , we compute 

Mch(n x/Y )Td(T f )S(T f ) . lx] = ^(-ir +1 a n /4 Cl ( Wx/ y) n+1 • li]. 

n>0 

Therefore, for p > 1 odd, we have 
(-l)%_i/4ci(wx/y) p «li] = 

(r(7,n^, [TJr^]) - T h (j, n-^, [7^v])) (2p " 1,p,p) = °- (9A9) 

Hence it is enough that for every odd integer p > 1, we find a relative curve / : X — > Y 
such that f^(ci(uj x / Y ) p ) ^ in the cohomology group H 2p (Y, C). Let d = p — 1 and 
choose Y to be a smooth projective variety of dimension d. Let L be an ample line bundle 
on Y and take X = P(L © O y ). Consider the tautological exact sequence 

— > O(-l) — > /* (L ®O Y )^Q^0. 

We easily derive the relations 

7r* Cl (L) = ci(g)-ci(0(l)) (9.20) 
Cl (O(-l)) Cl (g) = 0. (9.21) 

Moreover we have 

ci(u x/Y ) = -ci(Q) - ci(0(l)). (9.22) 
From (19.20lHl9.22l ) and because d — p — 1 is even, we compute 

ci(u;x/y) d = criQf + Cl (0(l)) d = 7r* Cl (L) d . 
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Therefore we find 

Ci(uJx/y) p = n* Cl (L) d Cl (uj x/ y). (9.23) 

Finally, / is a fibration in curves of genus 0, hence f*{ci{ux/Y)) = —2. We infer that 
(I9T23T) leads to 

fM(ux/Y) p ) = -2 Cl (L) d . 
This class does not vanish, since Y is projective of dimension d and L is ample. □ 

We end with a characterization of the theory of analytic torsion classes of Bismut- 
Kohler. 

Theorem 9.24. The theory of analytic torsion classes of Bismut-Kdhler T BK is the unique 
theory of generalized analytic torsion classes such that, for every f : X — >■ Y, a Kahler 
fibration in Sm*/c, we have the vanishing 

T BK (J,Q x/Y ,[fJV^}) = 0. 

Proof. That the theory T BK vanishes for de Rham complexes of Kahler fibrations is a 
theorem of Bismut [5J. For the uniqueness, let T be a theory of generalized analytic 
torsion classes vanishing on de Rham complexes of Kahler fibrations. Denote by S(x) = 
J2k>o akxk ^ s corresponding genus. If / is a relative curve with a structure of Kahler 
fibration, then by Theorem 17 .141 

T h (f,TT x/Y , [7^VD = ^(-l) fc a fe /4 Cl (a; x/y ) fe+1 . U]. (9.25) 

fc>0 

It is enough to find, for every k > 0, a relative curve / such that f*(ci(ux/Y) k+1 ) does not 
vanish. The elementary construction in the proof of Theorem 19.181 works whenever k is 
even, but one easily sees it fails for k odd. Fortunately, there is an alternative argument. Let 
g > 2 and n > 3 be integers. Consider the fine moduli scheme of smooth curves of genus 
g with a Jacobi structure of level n ||2TI Def. 5.4], to be denoted -M™. Let it: — > Ai™ 
be the universal curve. An example of Kahler fibration structure on n is provided by 
Teichmiiller theory (see for instance [48, Sec. 5]). By 11221 Thm. 1], the tautological class 
Kg _ 2 ■= ir^aiu^y- 1 ) E H 2 ^~ 2 \M n g , C) does not vanish. Taking g = k + 2 and / = vr, 
we conclude the proof of the theorem. □ 

We note that in the previous theorem, the existence is provided by Bismut's theorem. 
It would be interesting to have a proof of the existence of a theory satisfying the condition 
of Theorem 19 .241 from the axiomatic point of view. 

10 Direct images of hermitian structures 

As another application of a theory of generalized analytic torsion classes, we construct 
direct images of metrized complexes. It turns out that the natural place to define direct 
images is not the category D (•) but a new category D b (-) that is the analogue to the 
arithmetic A" -theory of Gillet and Soule ||28l . 
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Let X be a smooth complex variety. The fibers of the forgetful functor D (X) — > 
D b (X) have a structure of KA(X)-torsor, for the action of KA(X) by translation of 
the hermitian structures ( 1(171 Thm. 3.13]). At the same time, the group KA(X) acts on 
the group © p P^'~ 1 (X, p) by translation, via the Bott-Chern character ch ( 1(171 Prop. 4.6]). 
Observe that all Bott-Chern classes live in these groups, as for the analytic torsion classes. 
It is thus natural to build a product category over KA(X). 

Definition 10.1. Let S C T*X be a closed conical subset. We define 

B\X,S) = D b (X) Xka(x) G)V$-\X,S,p) 

v 

to be the category whose objects are equivalence classes [J 7 , r/} of pairs (J 7 , rj) belonging 
to Ob D (X) x (B p V 2 ^~ l (X, S, p), under the equivalence relation 

(T,r ] )^(T+[E}, V -ch(E)) 

for [E] G KA(X), and with morphisms 

Homg b p f) ([J r ,?7], [G,u]) = Hom D b (X )(J,e). 

If S C T are closed conical subsets of T*X , then D b (X, S) is naturally a full subcat- 
egory of D b (X, T). 

In the sequel, we extend the main operations in D h (X) to the categories D b (X, S). 
In particular, we use the theory of generalized analytic torsion classes to construct push- 
forward morphisms attached to morphisms in Sm*/c. 

The category D b (X, S) has a natural additive structure. More generally, if S,T are 
closed conical subsets of T*X , then there is an obvious addition functor 

D b (X, S) x D b (X, T) ^ D b (X, SUT). 

The object [0, 0] is a neutral element for this operation. If S + T is disjoint with the zero 
section in T*X, then there is a product defined by the functor 

Ob D b (X, S) x Ob f3 b (X, T) ^ Ob D b (X, (S + T) U S U T) 

([T, rj], [V, u]) i — > [T ® V, ch(T) • v + 77 • ch(£) + d D 77 • v\ 

and the obvious assignment for morphisms. This product is commutative up to natural 
isomorphism. It induces on D b (X, 0) a structure of commutative and associative ring 
category. Also, [Cx,0] is a unity object for the product structure. More generally, the 
category D h (X, S) becomes a left and right D b (X, 0) module. Under the same assump- 
tions on S, T we may define an internal Horn. For this, let [J 7 , 77] G ObD b (X, S) and 
[g, u] G Ob D b (X, T). Then we put 

HomffJ, 77], [S, u]) = [Homp 7 £), (ach(J)) • v + ((777) • ch(^) + (d D arj) • 1/], 
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where we recall that a is the sign operator (Definition 19 .3 1) . Using Corollary 19 .81 it is easily 
seen this is well defined. In particular, we put 

[T, V Y :=Eom([T,v},[O x ,0}) = \T\ar,}. 

The shift [1] on T) h (X) induces a well defined shift functor on D b (X, S), whose action 
on objects is 

[T,r ] ][l] = im,-V}- 

There is a Chern character 

ch : Ob D b (X, S) — ► V%(X, S, p), [T, n\ .— ► ch(J) + d D 7], 

V 

which is well defined because doch(£') = ch(E) for [E] G K A (X). The Chern character 
is additive and compatible with the product structure: 

ch{[T,r]] ® [S,z/]) = ch{[T,r]}) .ch([S,i/]). 

Notice the relations 

ch([7,r / ] v ) = ach([7,r / ]), 
ch([7,r / ][l]) = -ch([7,r / ]). 

We may also define Bott-Chern classes for isomorphisms and distinguished triangles. 
Let (p: [J 7 , rj\ — - > [Q, v\ be an isomorphism in D b (X, S), whose underlying morphism 
in D b (X) we denote ip. While the class dx((p: T — ■> Q) depends on the representatives 
(J 7 , rj), (Q, v), the class 

ch(£>) := ch(tp: T — ■> Q) + v — rj 

is well defined. 

Lemma 10.3. Let (p : [J 7 , rj] — - > i/] be an isomorphism in D b (X, S), with underlying 
morphism p in D b (X). Then, the following conditions are equivalent: 

( i) there exists [E] G KA(X) such that p> induces a tight isomorphism between [E] 
and Q, and v = 77 — ch(E); 

(ii) ch(^) = 0. 

Proof. This is actually a tautology. Because KA(X) acts freely and transitively on the 
possible hermitian structures on T, there exists a unique [E] G KA(X) such that J 7 + [E] 
is tightly isomorphic to Q via the morphism (p. Then we have 

ch.(ip) = ch(E) + v — r). 

The lemma follows. □ 
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Definition 10.4. Let <p be an isomorphism in D b (X, S). We say that tp is tight if the 
equivalent conditions of Lemma ll0.3l are satisfied. 

In particular, if p: J 7 Q is a. tight isomorphism in T) h (X), then p induces a tight 
isomorphism [J 7 , 77] — » [£/, v] if and only if r] = v. 

The following lemma provides an example involving the notion of tight isomorphism. 

Lemma 10.5. Let \T, 77] G D b (X, S) and \G, v\ G D b (X, T). Assume that S + T does 
not cross the zero section. Then there is a functorial tight isomorphism 

[T, V ] V ® = Hom(EF,77], &v\). 

Assume now given a distinguished triangle 

f: \T, 77] — » [£, 1/] -4 [H,/^] — » [J 7 r/][l]. 

Let r denote the distinguished triangle T Q —■* % --- » in D b (X). Then we put 

ch(r) = ch(r) + 77 — ^ + fi. 

By ifTTl Thm. 3.33 (vii)], this class does not depend on the representatives and is thus well 
defined. 

We study now the functoriality of D b (X, S) with respect to inverse and direct images. 
Let / : X — > Y be a morphism of smooth complex varieties. Let T C T*Y be a closed 
conical subset disjoint with Nf. The action of the left inverse image functor on objects is 

f* : ObD b (F,T) — ► ObD b (X,fT), [J, 77] ^ [f*TJ*ri}. 

That this assignment is well defined amounts to the functoriality of ch. 

Let / be a morphism in the category Sm f / C . The definition of a direct image functor 
attached to / depends upon the choice of a theory of generalized analytic torsion classes. 
Let T be such a theory. Then we define a functor /„, whose action on objects is 

7,: Oh&(X,S) -+ObD b (F,/^) 



where /* T is an arbitrary choice of hermitian structure on f^J 7 . By the anomaly formulas, 
this definition does not depend on the representative (J 7 , 77) nor on the choice of hermitian 
structure on /„ J 7 . 



Theorem 10.7. Let f : X — > Y and g : Y — >• Z be morphisms in Sm*/c. Let S C T*X 
and T C T*Y Q be closed conical subsets. 

(i) Let [J 7 , 77] G Ob D b (X, S). Then there is a functorial tight isomorphism 
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( ii) (Projection formula) Assume that T R Nf = and that T + f*S does not cross the 
zero section ofT*Y. Let [T,r]} G ObB h (X,S) and G ObD b (Y,T). Then 

there is a functorial tight isomorphism 

in D b (Y, W), where W = f*(S + f*T) U f*S U fJ*T. 
(Hi) (Base change) Consider a cartesian diagram 

h> 




Suppose that f and h are transverse and that N h > is disjoint with S. Equip f 
with the hermitian structure induced by the natural isomorphism h*Tf — - > Ty. 
Let [J 7 , rj] G Ob D b (X, S). Then there is a functorial tight isomorphism 

in B b (Y',fih'*S). 

Proof The first and the second assertions follow from Proposition 12.141 the transitivity 
and the projection formula for T. For the third item, one uses the functoriality of the 
analytic torsion classes and Proposition ^. 151 □ 

We close this section with an extension of Grothendieck duality to D b . Let / : X — )■ Y 
be a morphism is Sm„/c. To enlighten notations, we denote by ujj the object [ojj, 0] in 
~D h (X, 0) (Definition 19.21) . Suppose given a closed conical subset T C T*Y such that 
T fl Nf = 0. Then we define the functor /' whose action on objects is 

f : Ob D b (Y, T) — ► Ob f3 b (X, f*T), [T, r)} f*[T, rj] ® Uj. 
Observe the equality 

[g,v]®ujj=[g®u}j,vch(ujj)]. (10.8) 

Now fix a theory of generalized analytic torsion classes. To the morphism / we have 
attached the direct image functor We denote by the direct image functor associated 
to / and the dual theory (Theorem Definition 19 .101) . 



Theorem 10.9 (Grothendieck duality for D b ). Let f : X — >■ Y be a morphism in Sm^/c. 
Let S C T*X andT C T*Y be closed conical subsets such thatTHNf = andT + f^S 
is disjoint with the zero section. Let [J 7 , 77] G Ob D b (X, S) and [Q, a] G Ob D b (y, T). 
Then there is a functorial tight isomorphism 

Hom(7, [T, V] , [V, v\ ) = 7lHom( [T, v] , f v\ ) 
in D b (F, W), where W = f*(S + f*T) U f.S U fJ*T. 
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In particular, we have 

(f^vW = f*(F,v] W ®<*f)- (10.10) 

Proof. By Lemma [10.51 and Proposition 1 10.71 we are reduced to establish the functorial 
tight isomorphism ( 110.101) . The proof follows readily from the definitions, Grothendieck 
duality and the following two observations. First of all, if T is the theory of analytic 
torsion classes, then by the very definition of T v we find 



where the metric on /*(J-" V <8> W/) is chosen so that Grothendieck duality provides a tight 
isomorphism 



Secondly, for direct images of currents, we compute 
<*7M = °f*(v • Td(T 7 )) = (-1)7*H • a Td (Tj)) = /.(^ . ch(u; 7 ) . Td(Tj)). 

Here e is the relative dimension of /, and to derive the last equality we appeal to Proposi- 
tion [9T4] To conclude, we recall equation (110.81) . □ 

Corollary 10.11. Let T be a self-dual theory of generalized analytic torsion classes. 

(i) Then there is a functorial isomorphism (/^[J 7 , r/]) v = /*([^ r , rj\ y <S> u)j). 

(ii) If the hermitian structure of f comes from chosen metrics on Tx, Ty and uix, 
are equipped with the induced metrics, then we have a commutative diagram 

D b (X, S) - ^D b (X, S) 



f. 



(■) v ®aJy^, 

d (y, f*s) — -D b (y,/^). 

Proof. The first claim is immediate from Theorem 110.91 The second item follows from 
the first one and the projection formula (Proposition ! 10.71) . □ 

11 Analytic torsion for degenerating families of curves 

As a second example of application of the theory developed in this article, we describe 
the singularities of the analytic torsion for degenerating families of curves. The results 
we prove are particular instances of those obtained by Bismut-Bost [6], Bismut [4] and 
Yoshikawa ||49l . Although the methods of this section can be extended to recover the 
results of Yoshikawa in [|49l , for simplicity, we will restrict ourselves to fibrations in 
curves over a curve. 

In fact, our proof is not very different from the one in ||4l and 11491 . For instance, one 
of the main ingredients of the proof of the results in [4] and 11491 is the Bismut-Lebeau 
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immersion formula. Our approach implicitly uses Bismut's generalization of the immer- 
sion formula, encoded in the existence of analytic torsion theories for arbitrary projective 
morphisms. We expect that the techniques of this section can be used to generalize the 
above results to situations more general than the ones considered by Yoshikawa. 

Let S be a smooth complex curve and / : X — > S a projective morphism of smooth 
complex varieties, whose fibers are reduced curves with at most ordinary double singular 
points. We assume that / is generically smooth. Following Bismut-Bost [|6l Sec. 2(b)], 
we call such a family an f.s.o. (famille a singularites ordinaires). The singular locus of 
/, to be denoted E, is a zero dimensional reduced closed subset of X. Its direct image 
A = is tne Wei1 divisor 

pes 

where n p is the number of singular points of the fiber f~ 1 {p). We will abusively identify 
A with its support. With these notations, we put V = S \ A. Locally for the analytic 
topology, the morphism / can be written in complex coordinates either as f(z , z\) = zq 
or f(z , zi) = zqZ\ (6l Sec. 3(a)]. In the second case, the point of coordinates (z , z\) = 
(0, 0) belongs to the singular locus E. 

For a vector bundle F over X, let F(F) be the projective space of lines in F. The 
differential df:T x —t f*T s induces a section O x — > &x <8> f*Tg. Because / is smooth 
over X \ E, this section does not vanish on X \ E. Therefore there is an induced map 

(a: X \ E — ► F(Q X g) f*T s ) = F(Q X ), 

called the Gauss map. Notice that this map was already used in H and l|49l . 

We next study the blow-up X = Bl^(X) of X at E and relate it to the Gauss map. Let 
it : X — > X be the natural projection. Let E be the exceptional divisor of n, 

E = |J E p , E p = F(T p X), 
pes 

with the reduced scheme structure. For every p E E, there is an identification T P X = VL X , P 
provided by the hessian of /, which is a non-degenerate bilinear form on T P X. The local 
description of the blow-up at a point implies: 

Lemma 11.1. There is a commutative diagram 

E p = F(T p X)^F({l x , p ) 

p> pi 



X ^-P(fix) 




Denote by 0(—l) the tautological divisor either on F(Q x ) or on E p . Then there is a 
natural isomorphism p,*0(—l) \e p — ®{— !)■ 
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Consider now the short exact sequence of vector bundles on F(Qx) 

o -»■ C(-i) -»■ ->• Q ->• o, 

where Q is the universal quotient bundle. Observe that Q is of rank 1 . The dual exact 
sequence is 

->• U -> p*T x 0(1) -»■ 0, 
{/ being the universal vector subsheaf. We denote by 77 the induced exact sequence on X 

77: — ?• JFU — >■ tt*Tx J1*0(V) — >■ 0, (11.2) 

From (II 1.2b and the definition wx/s = wi <8> we derive a natural isomorphism 

/Tf7 ® vr*u; x/s ^ /T0(-1) ® f*T s . (11.3) 

Lemma 11.4. We /iave 



£*£>(-!) ®/*T 5 = £>(£)■ 



(11.5) 



Proof. First of all we observe that (j,*U (g) 7r*o;x/s is trivial on the open W = X \ E. 
Indeed, by construction of the Gauss map we have 



ji*U\ w =kei(df:T x ^f*T t 
Hence by equation (II 1.3b we can write 



s) \w— ^x/s I W> 



ll*0(-l)®rT s = 0(J2rn p E p ). 

pes 

To compute the multiplicities m p we use that jl*0(-l) \ Ep = 0{—\), (E p ■ f*T s ) = 
and (E p ■ E p ) = -1: 



□ 



-mp = deg(/TC?(-l) <g> f*T s ) \ E = -1 + = -1 
The lemma follows. 

Later we will need the commutative diagram of exact sequences 

V\w- ^*U\ W »Tx\w *JZ*0{1)\ W -0 (11.6) 

/8 



5 : 







u x/s I w T x I w 



f*T< 



s \w 



0. 



After the identification Jt*0(— 1) (g) f*T s = 0(E) provided by the lemma, the morphism 
7 is the restriction to W of the natural inclusion ]x*0(l) -> Ji*0(l) <S> 0(E). This fact 
will be used below. 

We now proceed to introduce the hermitian vector bundles and the analytic torsion 
classes we aim to study. We fix a theory of generalized analytic torsion classes T. 
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Let /: X -)> S, f: X ->■ 5 be f.s.o. as above. Recall that we write W = X \ £ = 
X \ E and V = 5 \ A, so that /^(F) C W. We endow the tangent spaces T x and T 5 
with smooth hermitian metrics. We will denote by / the corresponding morphism in the 
category Sm„/c. On the open subset W, there is a quasi-isomorphism 

^x/s \w= u x/s [l] \ w -> Tf 

induced by the identification UJ X , S \w= ker(Tx \w~+ f*Ts). On co x / s \w> an d m partic- 
ular on o;J_w v s , v , we will put the metric induced by T x \w- We will write / : f~ l {V) — > 
V for the corresponding morphism in Sm,/ C . Observe that the restriction of / to W, and 

hence to /~ 1 (V), may be identified with the restriction of /. Let T be an object in D b (X) 
and fix a hermitian structure on /* T . Then we consider the relative metrized complexes 

and the corresponding analytic torsion classes 

p v 
By the functoriality of analytic torsion classes and the anomaly formulas, we have 

T(t) = T(0 \ v -h[ch(T I^^Td^ \ f - H v))}. (11.7) 

Here e is the exact sequence in (II 1.61) . with the hermitian metrics we have just defined. 
From now on we will omit the reference to / -1 (V) and V in the formulas. 

We consider the hermitian structures on the sheaves U and 0(1) on P(fix) induced 
by p*T x . We will write rj for the exact sequence in (II 1.2b and a, (3 and 7 for the vertical 
isomorphisms in diagram (II 1.6b . all provided with the corresponding metrics. Notice that 
a and (5 are isometries. By the properties of the Bott-Chern class Td m , we have 

Td m (e) = Td m (r/) + Td(r/)fd m (7). (11.8) 

Hence, from (II 1.7b - (l 11.8b and identifying / with / over V, we have 

T(t) = T(0 - lirr* ch(T)7r* Td(7)Td m (r/)] ^ 

- chpV Td(/) Td(r/)fd m (7)]. (11.9) 

It will be convenient to have a precise description of Td m (7~) at our disposal. 

For shorthand, we write L := J1*0(1) and || • 1 1 for its hermitian structure constructed 
before. We denote by || • ||i the metric on O(E) such that the isomorphism 0{E) X = 

Lq 1 ® f*Ts (Lemma ll 1 .4b is an isometry. Recall that 7 gets identified with the restriction 
to W of the natural inclusion L — > L <g> O(E). We let || ■ ||oo be the hermitian metric on 
L \ w such that 7 is an isometry. Hence, if 1 denotes the canonical section of 0{E) and I 
is any section of L \ w , then we have 

IKIIoo = Mol|i||i. 
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To simplify the notations, we will skip the reference to W. We then have on W 



Td m (7) = Td m (L 4 L^). 

To compute a representative of this class, we fix a smooth function h : Pj* — > R such that 
h(0) = and h(oo) = 1. Then we proceed by a deformation argument. Let 9: lyxPj, -)■ 
W be the projection to the first factor. On the line bundle q*L we put the metric that, on 
the fiber at the point (w, t) E W x P^, is determined by the formula 



11*11 («,t) = ||*||0 J «||l||l,« 

We will write || ■ ||* for this family of metrics parametrized by P~. Define 

Td(L !«,) = -L f Z± log(tt)(Td(^L t ) - Td(^T )). 
2m J r i 2 

Then 

Td m (7) = Td- l (Lo)Td(L -> loo) (11.10) 

represents the class Td m (7). Let us develop Td m (7~). If O t denotes the trivial line bundle 
on W x Fq with the norm 1 1 1 1 \ t = \ \ 1 \ \ ^ , then we compute 

T&tfLt) - Td(^L ) = l - Cl {O t ) + ^ Cl (O t ) 9 * Cl (L ) + ^{Otf. 

By the very definition of c\, we find 

c x {O t ) = dd\og\\\f t =dd{h{t) log || 1||?) 

= h{t) Cl {0{$)^ + log ||1||? SS/i(t) + 0/i(t) A Slog II 3- 1 1 f + Slog ||l||i Adh(t). 



\h(t) 



We easily obtain 



^hT^hw'-^mi, (lui) 

/ ^■log(ii)i 9 *c 1 (Z„)c 1 (0,) = -ilog||l|| 1 c 1 (Z„). (11.12) 



With some more work, we have 



5^ / -^iog(^^ Cl ((90 2 = - |i«g l|i||ici(o(£;) 

Z7TZ Jpl z L2 o 



^9(iog||i||i slog ||i id; 



(11.13) 



where 



a = ^-[ \og(ti)ldd(h(t) 2 ), b=^-[ log(tt)dh(t)Adh(t). (11.14) 

Z7T2 Jpi Z Z7T2 Jpi 
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We observe that 

Z7TI ml 2 A 



c 



which is independent of h. All in all, equations (11 l.lOb - dl 1.141) provide the following 
expression for the representative Td m (7~) of Td m (7~): 

Td m (7) = Td" 1 (Lo) ( - \ log || 1 1| l - \ log || 1 1| lCl (L ) 

(11.15) 

- i log || 1 1| idCopJi) + |a(io g ||i|| 1 d bg ||i no). 

Given a current 77 £ V^)(X,p), we will call its Deligne bidegree, while we will 
call the Dolbeault bidegree to the bidegree in the Dolbeault complex. When it is clear 
from the context to which bidegree we are referring, we call it bidegree. 

We now study the singularities of the component of Deligne bidegree (1, 1) of T(£ ) 
near the divisor A. For this we first recall the decomposition of equation (11 1.9b . Observe 
that V l D (V, 0,1) gets identified with the space of smooth real functions on V. In the sequel, 
for an element $ £ ©pl) 2 ^ p), we write $( 2r ~ 1,r ) to refer to its component of bidegree 
(2r — l,r). By construction of the Deligne complex, an element of Deligne bidegree 
(2r — 1, r) is just a current of Dolbeault bidegree (r — 1, r — 1). 

The following assertion is well-known. See for instance ll47l Lemma 2.1, Cor. 2.2]. 

Lemma 11.16. Let Vt C C be an open subset and d a current of Dolbeault bidegree 
(0, 0) on Q. Let A be the standard laplacian. If the current A?9 is represented by a locally 
bounded measurable function, then d is represented by a continuous function. 

Proposition 11.17. The current T(£)( 1,:L ) £ V l D (S, Nf, 1) is represented by a continuous 
function on S. 

Proof. The differential equation satisfied by T(^)^ 1 ' 1 ^ is 

dpT^^^cMCT^-Mch^Tdl/)]^. (11.18) 

In local coordinates, the operator d v = —2 dd is a rescaling of the laplacian A. By the 
lemma, it is enough we prove that the current at the right hand side of (11 1.18b is rep- 
resented by a locally bounded measurable differential form. Because ch^J 7 )^ 2 ' 1 ) and 
cb^J 7 ) Td(/) are smooth differential forms, we are reduced to study currents of the form 
f*\Q}^ 2,1 \ where 9 is a smooth differential form. By a partition of unity argument, we re- 
duce to the case where / : C 2 — > C is the morphism f(z , z±) = z Zi and 9 is a differential 
form of Dolbeault bidegree (2,2) with compact support. Then we need to prove that the 
fiber integral 

G(w) = f 9 

is a bounded form in a neighborhood of w = 0. Write 9 = h(zo, zi)dz A dzo A dz\ A &~z~\. 
We reduce to study integrals of the form 

( f M 2 _ \ _ 

G{w) = I / h(z , Zo/w)- — r^dz A zq 1 dw A dw. 

\J\w\<\z \<l \ Z 0\ J 

The property follows from an easy computation in polar coordinates. □ 
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Proposition 11.19. Let 9 be a differential form of Dolbeault bidegree (1,1) on X. Then 
the current /* [9] is represented by a bounded function on S. 

Proof. The proof is the same as in [|6l Prop. 5.2]. One only has to show that the argument 
in loc. cit. carries over to the case of the non-reduced fibres that have appeared when 
blowing up the nodes. □ 

Corollary 11.20. The current f*[ii* ch(J r )7r* Td(/)Td m (r/)] is represented by a bounded 
function on S. 

Proof. It suffices to observe that the differential form ir* ch(J r )7r* Td(f)Td m (rj) is actu- 
ally smooth on the whole X. □ 

According to (II 1.9b . it remains to study the current 

/47r*ch(7)7r*Td(7)Td(77)fd m (7)] |y . 

The main difference with the situation in Corollary II 1.201 is that the class Td m (7) is not 
defined on the whole X, but only on W = X \ E. In the following discussion we will use 
the representative Td m (7) defined in (II 1.10b at the place of Td m (7~). In view of equations 
(111.11 b — (1 1 1.131) . the first result we need is the following statement. 

Proposition 11.21. Let 9 be a smooth and d, d closed differential form on X, of Dolbeault 
bidegree (1, 1). Let w be an analytic coordinate in a neighborhood of p G A with w(p) = 
0. Write D p = E n / _1 (p). Then, the current 



/.[log || 1|| — / 9 [log| W |] 




is represented by a continuous function in a neighborhood of p. In particular, if 9 is 
cohomologous to a form n*$, where t? is a smooth and d, d closed differential form on X, 
then /* [log || 1 1| i#] is represented by a continuous function on S. 

Proof. Recall that the Poincare-Lelong formula provides the equality of currents 



d v [\og\\l\\^} = [c 1 (0(E) 1 )]-5 E . 

Moreover, the operator dx> commutes with proper push-forward. Therefore, taking into 
account that 9 is d and d closed, the equation 

d,,/* [log || 1|| i0] = C^:f D OJ Sp-lictiOiE)^}. (11.22) 

holds in a neighborhood of p. On the other hand, the Poincare-Lelong equation also gives 
dp [log \ w\] = 5 P . Using (111.22b . we see that 

d v U[log||l||i0] -(±;^9j [\og\w\U = -Ij^CoiEjje}. 
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Finally, by Proposition II 1.191 the current f :¥ [ci(0(E) l )9} is represented by a continu- 
ous function on S. Hence the first assertion follows from Lemma [l 1.161 For the second 
assertion, we just observe that, in this case, 



6= n*$ = 0. 

jD r , 



The proof is complete. □ 

Corollary 11.23. Let n p be the multiplicity of A at p and 0(1) the current represented by 
a locally bounded function. The following estimates hold in a neighborhood ofp 

74log||l|| lCl (7r*7^)] = 0(l), 



-n 



v 



/.[log Ulllid^^),)] = -n p [\og \w\] + 0(1), 

[log ||l||ici(l )] = n p [\og \w\] + 0(1), 

[log ||l|| lCl (/I*Z7)] = -n p [\og \w\] + 0(1). 

Proof. We use (111.3 1) — (1 11.51 ) and the intersection numbers (D p ■ D p ) = (D p ■ E) 

□ 

Corollary 11.24. With the notations above, the development 

7*[tt* chpV Td(7) Td(rj)fd m (7)] (3 ' 2) = rk(J)^[log |w|] + 0(1) 
holds in a neighborhood ofp. 

Proof. We take into account the expression (II 1.151) for the representative Tel™ (7), the 
developments of the smooth differential forms ch(J r ), Td(J), Td(r/) and Td~ 1 (L ), and 
then apply Corollary II 1.231 We find 



Mn* ch(^)7r* Td(/) Td(fj)Td m m 



(3,2) 



fi h -— 

rk(^)-f [log H] + rk(^)-/,[a(log Ullli dlog + 0(1). 

o 6 

To conclude we observe that, on V, the term /* [9(log || 1 1| 1 d log || 1 1| 1)] vanishes. Indeed, 
the morphism /* is smooth on V with one dimensional fibers. Hence this current is repre- 
sented by the function 

/ 9(log||l|| 1 91og||l|| 1 ) = -^ / d(log||l|| 1 91og||l|| 1 ) = 0. 

This ends the proof. □ 

The results of this section are summarized in the following statement. 

Theorem 11.25. Let p e A and let n p be the number of singular points of f : X — > S 
lying above p. Let w be a local coordinate on S, centered at p. Then, in a neighborhood 
ofp, we have the estimate 

r(f) M = -y«,NH] + o(i)- 
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Proof. It is enough to join (111.91) , Proposition \YL\J\ Corollary [1L20| and [1L24J □ 



Corollary 11.26. Asswrne f/?af J 7 = E is a vector bundle placed in degree 0, and that 
R 1 f*E = on S. Endow f*E with the L 2 metric on V depending on E and the metric on 
ojf-i(y)jy. Write £" — (/ ,E, f*E L2 )for the corresponding relative metrized complex on 
V. Let p and w be as in the theorem. Then we have 

T( f )( i,i) = _^) np[log M + 0(loglog \vj\- 1 ) 

as w — > 0. 

Proof. Introduce an auxiliary smooth hermitian metric on the vector bundle f*E on S, and 
let £ = (/ , E, f*E) be the corresponding relative metrized complex. Then the theorem 
applies to £ . By the anomaly formulas, on V we have 

By [6, Prop. 7.1], the L 2 metric has logarithmic singularities near w = and 

ch(CT,7^ L2 ) = oaogiogi^r 1 ) 

as w — > 0. This proves the corollary. □ 

Remark 11.27. The corollary is to be compared with |[6l Thm. 9.3]. The difference of 
sign is due to the fact that Bismut and Bost work with the inverse of the usual determinant 
line bundle. The approach of loc. cit. is more analytic and requires the spectral description 
of the Ray-Singer analytic torsion. 
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